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 Elemental force vector 
 Forward flight velocity 

 Velocity due to elastic deformations 
 Position vector 

 Downwash 
 Normal vector perpendicular to the flow 

velocity 
 Vector of membrane strains 

 mass density 
 Poisson’s ratio 
 Stress 
 Pitching angle 
 Flapping angle 
 Angular velocity of the wing 
 Steady state angular velocity  

 Flapping velocity 
 Pitching velocity 
 Flapping acceleration 
 Pitching acceleration 
 Operator matrix 
 Operator matrix 
 Deformation vector (u, v ,w ) ∝  Effective angle of attack 

 Rotational speed 

 Elastic rotation angle 

 Rigid rotation angle 

Introduction 
Nowadays, or nithopters are commonly used in 
both civil and military missions. The deep 
understanding of flapping mechanism in 
conjunction with aerodynamic pattern and 
aeroelastic behavior in these vehicles can lead to 
the improved design process of such air vehicles 
and their efficiency and performance.  The basic 
idea of these vehicles has been taken from natural 
fliers, such as insects and birds. In these 
creatures, inertial and aerodynamic forces can 
enforce significant elastic deformation during 
flight. The interaction between aerodynamic, 
inertial and elastic forces results in a complex 
fluid-solid interaction (FSI) problem regarding 
this topic. Thus, to improve the design process 
and control of such vehicles, the exact 
determination of induced loads or trust in the 
presence of aeroelastic considerations is 
necessary. For this purpose, it is conventional to 
use numerical or experimental techniques. 
However, the experimental methods may face the 
problem in simultaneous measurement of wing 
deformations, aerodynamic force and wing 
kinematics. To overcome these difficulties, 
numerical methods or simulations are more 

attractive. During two decades there has been an 
increasing interest in the field of flapping wings 
so that many efforts have been made on the 
aerodynamic modeling and aeroelastic analysis of 
flapping wings [1-5]. Daniel and Combes [6] 
have determined that aerodynamic forces have 
not any significant effects on bending moment 
pattern of flapping wings. Moreover, Combes and 
Daniel indicated that the overall bending pattern 
of a specific flapping wing has a similar behavior 
in both air and helium; however, helium density 
is lower than the density of air [7]. This study 
also suggests that the portion of aerodynamic 
loads is lower than the portion of inertial loads 
during flapping motion. Singh has studied the 
aerodynamics of flapping wings in hover [8]. He 
considered an unsteady aerodynamic model based 
on the indicial functions. He studied some 
flapping cases at relatively high frequencies and 
showed that the trust force decreases with the 
increase in the value of flapping frequency [8]. 
On the other hand, he concluded that the major 
portion of the total force acting on the flapping 
wings comes from the inertial loads.  Toomey and 
Elderege performed some numerical and 
experimental studies on the role of flexibility on 
the created load by a flapping mechanism. For 
this purpose, they used two elliptical rigid wings 
hinged by a torsion spring. They found that the 
lift force and wing deflections are controlled by 
the wing rotation [9]. Gogulapati and Friedmann 
studied the effect of wing flexibility on the loads 
induced by a flapping wing in hover and forward 
flight conditions. They showed that flexibility of 
the wing has significant effects on induced loads 
at hover and forward flight conditions [10]. 
Nakata and Liu proposed a fluid–structure 
interaction model of an insect’s flapping flight 
with flexible wings. Their results emphasized the 
importance of flexibility of the insect wing in 
enhancing aerodynamic performance during 
flight [11]. Wenqing et al. studied the span-wise 
and chord-wise flexibility of a flapping wing, 
separately. They showed that the span-wise 
flexibility should be small enough to obtain a higher 
aerodynamic performance and the chord-wise 
deformation could increase this performance. 
Moreover, they offered that designers should 
design the flapping-wing with high stiffness 
leading edge in order to limit the span-wise 
deformation and more flexible chord ribs to keep 
chord-wise deformation in a proper range [12]. 
Pourtakdoust et al. developed a new aeroelastic 
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model of a Flapping Micro Air Vehicle (FMAV) 
based on the Euler-Bernoulli beam model and a 
proposed quasi-steady aerodynamic model. They 
showed the validity of their computational model 
in loading determination process via an 
experimental investigation [13].  Gordnier et al. 
created a numerical framework for the aeroelastic 
simulation of flexible flapping wings [14]. A 
higher order Navier-Stokes solver and a structural 
dynamic solver based on the geometrically 
nonlinear slender beam model were incorporated 
into their aeroelastic model. They showed good 
agreements between the numerical results and 
those achieved experimentally by Heathcoat et al. 
[15]. In a similar work, Lee et al. developed a 
computational aeroelastic tool to study the effect 
of elasticity on the vehicle performance of a 
FMAV. To reach this goal, a finite volume based 
preconditioned Navier-Stokes solver with a 
nonlinear structural model based on the 
geometrically exact beam model was used [16]. 
Dong et al. performed some numerical and 
experimental studies on the effect of structural 
damping on the deformation of a flexible flapping 
wing. The results indicated that the damping 
effect plays an important role during flapping 
[17]. Dewei et al. studied the effect of flexibility 
on the aerodynamic force in a flapping motion of 
a chord-wise flexible wing. They used the Lattice 
Boltzmann Flexible Particle Method (LBFPM) to 
simulate its aeroelastic behavior. They found that 
both the rotational and translational inertia that 
contribute to the deflection are limited by flexural 
rigidity [18]. As a result, all of the performed 
researches in this field rely on the induced loads 
due to a flapping mechanism under elastic effect.  

The main objective of the present paper is to 
develop a computational tool for loading 
estimation of a flapping wing under  aeroelastic 
effect. In this regard, the equations of motion of 
the wing are obtained using energy method. A 
finite element model based on the Bogner-Fox-
Schmit (BFS) element is utilized to simulate the 
structural dynamics behavior of the wing as a 
rotating flat plate. Based on the aforementioned 
literature, a quasi-steady aerodynamic model 
instead of the complex ones is considered to 
decrease the computational efforts as a novelty of 
the present study. By incorporating this 
aerodynamic model into structural dynamic 
equations, the aeroelastic equations are produced. 
The validity of the developed tool is examined 
with the data available in literature. 

Structural model 
Since most birds in nature and the artificial flappers 
prototyped for experiment have low aspect ratio 
wings, a beam model is not suitable for predicting 
the realistic dynamic behavior of such wings. So, in 
order to obtain valid results, employing a plate 
model as the basis for structural dynamic simulation 
is necessary. Also, this structural element provides 
the chord-wise flexibility of a flapping wing during 
flight simulation. In the present study, the equations 
of motion of a rotating flat plate (Fig. 1) are 
determined by extended Hamilton’s principle [19].  

 2

1

0
t

t
T U W dt      (1) 

where T, U and W indicate kinetic energy, 
strain energy, and work done by non-conservative 
forces, respectively.  

 
Figure 1. Schematic of a rotating flat plate  

 
The strain energy of the wing is defined as =  (2)

It should be noted that in the present study, 
the classical plate theory (CPT) is used to achieve 
a numerical framework for the structural 
simulation of a flapping wing. Based on the small 
deformations assumption, the strain components 
for a flat plate are written as follows [20]: = −  

= −   

= + − 2   

(3) 

The above relations can be expressed in 
vector form as: 
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= +   (4) 

where ϵ  is vector of membrane strains,    
denotes vector of curvatures and z is the 
coordinate axis perpendicular to the mid plane of 
plate. By substituting the constitutive equation 
( σ = Q ϵ ) along with the strain components 
into Eq. 2, the first variation of the strain energy 
can be written as: = ∬ ( + ++ )   

(5)

where A, B, and D are defined as: =    

=    

=  

(6) 

 
The kinetic energy of the wing is obtained 

through the following equation = 12     (7) 

The first step for determining the above 
statement is to express the velocity vector of an 
arbitrary point in the mid-plane of the plate. 
Thus, the velocity vector of an assumed master 
point l can be found using the following 
equation, = = + +   (8) 

The position vector, , assigned to a point 
on the wing with coordinates (  ,  ) in the 
inertia reference frame can be determined by 
considering the whole plate movement through 
the matrix transformation [21]. For this purpose, 
the flapping and pitching motions of the plate in 
conjunction with the assumed reference frames 
are shown in Fig. 2. it should be noted that the 
origin of the inertial reference frame (X  , Y , Z  ) 
is located at the center of rotation. The angle  
indicates the rotation of the flapping reference 
frame (X  ,  Y ,  Z ) about the  Y  axis as shown in 
this figure. Also, the pitching reference frame is 
obtained by rotating the flapping reference 
frame by the pitch angle  about the X  axis. 
 

= + + (9)

Where = + − cos  cos +  + − sin −  sin  cos   = − + −  cos  sin +  + − cos +  sin  sin   = + − sin  +cos
(10

) 

 
Figure 2. Pitching and flapping movement of the plate 

where,   and  indicate the flapping and 
pitching rotation angles, respectively. Also, the 
integral terms show the effect of foreshortening 
on the displacement vector. It should be noted 
that, considering these terms is necessary for 
including the effect of dynamic stiffness. 

The first variation of the kinetic energy is 
then obtained from the following equation, = .   (11)

Where  is the material density. By substituting 
the velocity vector, Eq. 8, into Eq. 11, one can obtain 
the mass and dynamic stiffness statements which will 
be introduced in the next section.  

The only force that plays a role in the virtual 
work statement is the aerodynamic load. Thus, 
this work can be determined by  = .  (12)

where L denotes the aerodynamic lift. 
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Aerodynamic load 
In this section, an aerodynamic load statement is 
developed by using a quasi-steady aerodynamic 
model in a simple manner. For this purpose, the 
aerodynamic lift can be written as: = = × 2 ×∝   (13) 

where   is the air density,  is free steam 
velocity,  indicates reference area and ∝  shows 
effective angle of attack which is defined by the 
ratio of downwash and free stream velocities. Thus, 
the determination of downwash is a necessary item. 
For this purpose, the forward flight velocity vector 
of a flapping wing is defined by = + + ×   

(14) 

where  is the free stream velocity vector,  
is the velocity vector due to elastic deformations 
of the wing and Ω × r is the velocity vector due to 
the rigid rotational motion of the wing. 
Substituting each mentioned quantity into Eq. 14 
gives = + ( + ) + + −  

(15)

Also, downwash will be obtained by  = ∙   (16) 

where  is the normal vector perpendicular 
to the flow velocity and obtained by [21] = + × = + + ×   

(17) 

where k is the unit normal vector in Z 
direction.  and  are the elastic rotation and 
rigid rotation vectors, respectively,  that can be 
defined as:  

 = − +  , = +                                                   
                                                    

(18) 

Substituting Eqs. 15 and 17 into Eq. 16 
results in = − − ( + ) + ++ −   

(19) 

So, the effective angle of attack is defined by ∝ = − = − + 1 + +− + −   

(20)

Substituting Eq. 20 into Eq. 13 provides the 
lift stat ement in terms of the deformation state 
and rigid motions of a flapping wing. 

Finite element formulation 
In this section, by incorporating the FE formulation 
based on the BFS element into the aforementioned 
relations, ,  and , the discretized form of a 
flapping wing equation of motions is introduced. 
The BFS element is first introduced by Bogner, 
Fox and Schmidt [20] and it has four nodes and six 
degrees of freedom per node (Fig. 3). It must be 
noted that the local coordinate (xyz) is located at 
the center of each element. The in-plane 
deformation field (u and v) within each element is 
interpolated according to the following relation: ( , , ) = ∑   ( , , ) = ∑   

(21)

Also, the bending deformation is stated by 
 ( , , ) = + + + ++ + + + ++ + +  ++ +   

(22) 

The unknown constants c  will be obtained 
by substituting the sixteen known nodal 
deformations in Eq. 22. Thus, the resultant 
relation can be expressed in terms of the nodal 
shape functions similar to Eq. 21. The total 
displacement components can be shown in a 
matrix form: 

× = × × or  Δ =
  

(23)

where N1, N2 and N3 are the shape function 
groups related to ,  and , respectively (see 
more details in [8]). 

 

Figure 3. A BFS element and its nodal degrees of 
freedom 
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To achieve the discretized form of the 
governing equation of motions, one may need to 
substitute the interpolated displacement field, Eq. 
23, into the related terms which were derived in 
the previous sections. This process is started from 
the terms of ϵ  and k  in Eq. 4 as introduced 
here. 

ϵ = 0 00 00 = Γ Δq   (24) 

= 0 0 −0 0 −0 0 −2 = Γ Δ   (25) 

By substituting Eq. 23 into Eqs. 24-25, one 
can obtain the following relation: 
  ϵ = Γ =    = Γ =   

(26) 

where the elements of H  and H  matrices are 
explicit functions of x and y coordinates within 
each element, and relate the nodal DOFs to the 
strain field within the element. 

By substituting Eq. 26 into Eq. 5, Eq. 8 into Eq. 
11, and Eq. 20 and 13 into Eq.12, the δ , δT  and δ  of a master element can be achieved in terms 
of  nodal  DOFs. Then, substituting the resultant 
first variational statements into Eq. 1 provides the 
elemental mass, gyroscopic damping, stiffness and 
dynamic stiffness matrices along with the elemental 
force vector of a single element as follows ([8], 
[21]): = ℎ 1 1 + 2 2 +3 3 )   

(27) 

 = ℎ(2 ( 1 3 − 3 1 ) +
2sin ( 3 2 − 2 3 ) +2cos ( 2 1 − 1 2 ) +

1 3 − 2 3 + 3 3   

(28) 

= + ++ (29) 

− 2   

= ℎ − sin +
cos + − sin −+ − +cos ) − +( − ) +sin cos ( + ) +sin ( − ) +2cos ( ) + cos ( −) + 2sin ( )   

(30) 

 = ℎ sin − sin cos +) + + cos −cos + cos − 2sin ++− +   

(31)

 
where 
 = ℎ  =   

(32)

It should be emphasized that the underlined 
expressions, in above equations, indicate the 
contribution of the considered aerodynamic 
model. Also,  and  represent dynamic 
stiffening matrices in x and y direction due to 
foreshortening which is defined by = , ,   
 = , ,  

(33)

To achieve the discretized equations of 
motion of the whole structure, the global matrices 
and vector related to Eqs. 26-30 are established 
through the standard assembling procedure [22]. 
Also, the wing boundary conditions are 
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considered by the well-known penalty method 
[22] in the FEM. Thus, the resultant aeroelastic 
equations of a flapping wing can be written in the 
following matrix form: + + ( + ) =   (34)

where q and F are the global degrees of 
freedom and force vectors, respectively. It must 
be noted that to account the integral terms which 
appeared in the above matrices and vector 
expressions, the two-dimensional Gauss 
quadrature rule with 5×5 Gauss points is utilized. 

Results and discussion 

In this section two different test cases are 
considered to validate and the reliability of the 
developed tool. In this regard, the structural 
dynamics behaviors of a non-rotating and rotating 
flat plate, as the first test case, are studied via 
modal analysis. Also, the effect of dynamic 
stiffening terms on the modal characteristics is 
investigated.  Then, the root bending moment and 
shear force of an insect wing as the second test 
case is determined and compared with the 
available results.   

First test case 

To validate the structural dynamics behavior of the 
developed tool, a cantilevered rectangular flat plat 
as is considered here.  The geometrical and material 
properties of this test case are presented in Table 1.  

Table 1. Geometrical and material properties of the 
rectangular flat plate 

Parameter Value 
E(GPa) 70 
G(GPa) 27 

(Kg/m3) 3000  

 0.3 
Length , (m)  1 

Thickness, (m) 0.0025 
Width , (m) 0.5 

In order to compute the natural frequencies 
of the plate, the homogenous form of Eq. (33) 
without dynamic stiffening term is considered as 
follows: + = 0  (35) 

The eigenvalues of Eq. (35) can be 
determined via standard eigen-solver routines. 

So, the first 4 frequencies of the non-rotating 
plate are shown in Table 2 in comparison with 
ANSYS software. The obtained results show a 
good correlation with those by ANSYS.  It 
should be noted that the ANSYS finite element 
modeling of the plate has been generated using 
shell elements (shell 181) with six degrees of 
freedom per node. 

Table 2. The first four frequencies of the non-rotating 
plate 

Mode 
Number 

Frequency (Hz)  
Percentage 
Error (%) Present 

Method 
ANSYS 

1 2.004 2.0034 0.03 

2 8.641 8.6267 0.16 

3 12.517 12.781 2.06 

4 28.142 28.494 1.23 

5 4.584 4.5811 0.063 
 

Then, the effect of dynamic stiffening on the 
dynamical behavior of the rotating plate is 
investigated here. For this purpose, the first and 
second natural frequencies of the rotating plate 
are depicted versus rotational speed in Figs. 4-5, 
respectively. As it is evident from these figures, 
the first and second frequencies of the rotating 
plate increase with the increase in the rotational 
speed under the influence of dynamic stiffening 
term, while these frequencies will show a 
decreasing trend with removing the dynamic 
stiffness term. It can be concluded that the 
foreshortening terms play an important role in 
increasing the stiffness of a rotating plate. 

 

 

Figure 4. First frequency of rotating plate 
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Figure 5. Second frequency of rotating plate 

 
To validate the structural response of the 

rotating plate, the spin-up motion of a cantilever 
one is studied, as shown in Fig. 1. The function of 
rotational speed is considered by: 

= − sin       0 ≤ ≤
                                         >   

(36) 

Fig. 6 shows the tip deflection with respect to 
time at ω = 10. The results show a very good 
agreement with those of Ref. 8. The results also 
reveal the importance of including dynamic 
stiffening effect for correctly capturing the 
response of a rotating plate.  

Figure 6. Dynamic response of the insect wing  

 Second test case 

The investigation of the obtained results reveals 
the accuracy and validity of the developed 
computational tool in the structural dynamics 
behavior point of view. Now the present model 

can be surely taken into account to investigate the 
aeroelastic or dynamic response of the flapping 
plate (wing) under an aerodynamic load. For this 
purpose, a specified flapping insect-like wing is 
considered. Fig. 7 shows the finite element 
modeling of this wing which is created using 311 
BFS elements. Also, Table 3 indicates the 
geometrical and material properties of this wing. 
 

 

Figure 7. Finite element modeling of the insect wing [8] 

Table 3. Geometrical and material properties of the 
insect wing  

Value Parameter 

60 EAluminum (Gpa) 

7  EMylar (Gpa) 

2400 Aluminum (kg/m3)ρ 

1250  Mylar (kg/m3)ρ 
0.33 Aluminumυ 

0.25  Mylarυ 
0.000508  tAluminum (m) 

0.000104  tMylar (m) 

 
The first four natural frequencies of the 

insect wing are computed and listed in Table 4. 

Table 4.  The first four frequencies of the insect wing 

Frequency(Hz) Natural Mode
22.86 First Mode (bending)

34.05  Second Mode (torsion)

45.12 Third Mode (bending)

75.92  Fourth Mode (bending)
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In order to validate the resultant loads of this 
wing, the bending moment and shear force at the 
wing root are determined using Newmark’s 
method through the prescribed flapping motion 
depicted in Fig. 9. It should be noted that the time 
step size is set to 0.001s.  Fig. 10 shows a 
comparison of the computed results with those 
numerical and experimental results reported in [8] 
at various flapping frequencies. It should be noted 
that the results which are presented in [8] were 
determined by using a complete unsteady 
aerodynamic model. The developed aerodynamic 
model in the present study is very simpler than 

that one used in [8]. The obtained results of two 
models have a similar trend and are close to 
each other. It is found that, the difference 
between the results of the present quasi model 
and the complete unsteady aerodynamic [10] 
models at lower flapping frequency ( less than 
9.07 Hz) is not impressive. Thus, one can use 
the quasi-steady aerodynamic model to analyze 
the aeroelastic behavior or loads at low 
flapping frequencies. Also, it is found that 
increasing the frequency of flapping motion 
enhances the magnitude of shear force and 
bending moment. 

 

 

Figure 9. Flapping and pitching motions at 11.6 Hz [8] 
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Figure 10. Root bending moment variation at different 
flapping frequencies 

Figure 11. Root shear force variation at different 
flapping frequencies 
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Loading Estimation of Flapping Wings under Aeroelastic Effect …

The Fast Fourier Transform (FFT) analysis 
of the computed root bending moment at 11.6 Hz 
is performed and the contribution of the effective 
modes is presented in Fig. 12. As it is evident, the 
first and second mode shapes of the wing have 
more contribution to the bending moment than 
the other mode shapes. However, the effect of the 
rigid body rotation or the related dynamic loads 
on the bending moment is very significant. 

 

 

Figure 12. FFT results 

Conclusions 
A computational tool for the aeroelastic 

analysis of flapping wings was developed in this 
study. In this regard, a finite element model based 
on BFS element was established to simulate the 
structural dynamic behavior of flapping wings. 
Also, dynamic stiffening term due to 
foreshortening effect was considered. The 
aerodynamic loads were estimated using the 
developed quasi-steady aerodynamic model. To 
validate the structural dynamic behavior, the 
modal and transient analyses of a specified plate 
were performed. The obtained results revealed the 
accuracy and fidelity of the developed FEM tool. 
Also, the results showed that the foreshortening 
effect enhances the natural frequencies of a 
rotating plate by increasing the rotational speed. 

Indeed, the aeroelastic analysis of an insect-
like wing showed that the contribution of the 
inertial effect is greater than that of the elastic 
effect in the load determination process. 
However, the first pure bending and pure torsion 
mode shapes have a considerable contribution in 
the root loads than the other mode shapes.  The 
shear force and root bending moment increase by 

increasing the flapping frequency. Also, the use 
of quasi-steady aerodynamic will result in 
acceptable results and decrease computational 
efforts in low flapping frequencies (less than 9.07 
Hz). 
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