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Stability Analysis of Laminated Cylindrical
Shells under Combined Axial Compression

and Non-Uniform External Pressure

M. Z. Kabir!, D. Poorveis®

Thes study investigates geometrical non-linear analysis of composite circu-
lar cylindrical shells under external pressure over part of their surfaces and also
shells subjected to combined azxial compression and triangular external pressure.
Donnell non-linear shell theory along with first order shear deformation theory
(FOSD) are adopted in the analysis. In the case of combined azial compression
and triangular external pressure post-buckling curves for various shell stacking
sequences and different load interaction parameter are traced. Comparison
of the results for uniform and triangular external pressures in combination
with azial compression applied to the laminated cylindrical shells is carried
out in terms of interaction buckling curves as well as load-deflection and load-

shortening diagrams.

NOMENCLATURE
Aj; Membrane rigidities
B;; Membrane-bending coupling rigidities
[C] Rigidity matrix
Dy, Bending rigidities
h Shell thickness
L Length of cylinder
m Longitudinal harmonic
M., My, Mo Shell moments
n Circumferential harmonic
N,.,Ng, Nyo Shell in-plane forces
P Axial compression
q(x) External pressure
Q.,Q Out of plane shears
R Radius of shell mid-surface
S Load interaction parameter
UVv,w Displacement components
U Vector of Fourier unknown coeflicients
oU, 6V, 6W  Virtual displacements
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W Initial imperfection function
6VV§1}§ Internal virtual work

sW:eh External virtual work

€r, €0 Shell mid-surface normal strains
Duy Do Rotation components

Ve Mid-surface shear strain

Yoz Yoz Transverse shear strains

Ky, Ko Bending curvatures

Ko In-plane twist curvature

Y Fiber angle with respect to x-axis

INTRODUCTION
Despite extensive studies on the buckling and post-
buckling of laminated composite cylindrical shells sub-
ject to axial compression [1-5]; uniform external pres-
sure [6-8]; and combined axial compression and uniform
external pressure [9-11]; the application at partial and
non-uniform external pressures to the mentioned shells
have been less investigated. Xiao and Cheng [12]
derived an eight order differential equation to solve
the buckling problem of locally loaded orthotropic
cylindrical shells. They took into account uniform
external pressure applied both on part of the length
of the cylinder and, symmetrically, over strips along
the generator. The buckling of circular cylindrical
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shells, partially subjected to external liquid pressure,
was studied analytically and experimentally by Chiba
and his co-workers [13]. Greenberg and Stavsky [14]
investigated the static buckling of composite cylinders
under circumferentially non-uniform axial loads based
on Flugge-type strain-displacement relations.

The current paper explores the stability of com-
posite cylindrical shells under axi-symmetric external
pressure applied to the part of their body. Triangular
external pressure, as a distinguished distribution, is
considered in the analysis. The boundary conditions
are assumed to be classically simply supported (SS3).
Buckling pressure is calculated by controlling the de-
terminant sign of tangent stiffness matrix. Comparison
of the effects of laminate lay-up and external pressure
distribution (triangular vs. uniform) on critical pres-
sure is presented by tracing interaction buckling curves.
Finally in the case of combined axial compression and
triangular pressure, post-buckling curves as uniform
end-shortening and radial displacement versus external
pressure are plotted.

THEORY
Displacements and rotations are expressed in terms of
Fourier series expansions. The equilibrium equations
are obtained using the Ritz method. The linearized
equations are solved using iterative Newton-Raphson
and arc-length methods.

SHELL GEOMETRY

The configuration of shell with global coordinates is
sketched in Figure 1. The principal material directions
are specified as 1 and 2. The global coordinate system
x, 6 and z, displacement components U,V,W and
rotations ¢, and ¢y are also shown in Figure 1. In the
same figure, the lateral pressure q, the axial force P, the
length L, the thickness h and the radius of curvature
of middle surface R are also shown. ¥ is the angle
between the principal material axis 1 and the x-axis of
the shell.

DISPLACEMENTS AND ROTATIONS
The displacements of an arbitrary point of cylindrical
shell is expressed as:

U(x,0,2) = U(z,0) + 2¢.(x,6)
V(z,0,2) = V(2,0) + 2¢4(x,0)
W(x,0,2) = W(x,8) (1)

where U(x, 8), V(z,8) and W(z, §) are displacements of
mid-surface of shell in axial, circumferential and radial
directions respectively, and ¢,(z,6) and ¢g(z,6) are
the rotations of normal vector to the surface.
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CONSTITUTIVE EQUATIONS
The shell stress-strain relationship is expressed as:

{o} = [Cl{e} (2)

where [C] is the generalized material rigidity matrix.
The vector of stress resultants is defined as:

{U}: [NI7N97N909>MmaMt%Mx@anQ@]T (3)

N,, Ny, N¢ are in-plane forces, M, My, M,y represent
moments and Q,, Qg are out of plane shear components
per unit width. The strain vector {e} is:

{f} = [Exv697’\/x@vﬂwv"f@aﬂx@a’\/xm’\/@z]T (4)

where €,,€p and 7,9 are mid-surface strains, x, and
kg are bending curvatures in x-z and 6 — z plane,
respectively.

Kgo 18 in-plane twist curvature and 7., and g,
represent transverse shear strains. [C] matrix is:

[A4] [B] o o
[C] = [f] [g] AZ4 Z (5)
o o o Ass

A;;, membrane rigidities, B;; , membrane-bending
coupling terms, D;;, bending rigidities and transverse
shear rigidities Ayy and Ay are defined as:

(A’ijaB’ijv-D’ij) = /(172722)§ijd2
h

Au= [Quds As= [Qpots (©)
h h
where Q,; is transformed reduced stiffness [15].

STRAIN - DISPLACEMENT
RELATIONSHIPS
The strains at an arbitrary point of the shell thickness
are expressed as follows:

€r = €p T ZKy, €9 = €9+ ZKg, €30 = V0 T 2Ky

(7)

where strains of mid-plane and curvatures based on
Donnell and first order shear deformation theories are
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Figure 1. Cylindrical shell with coordinate system, key dimensions and loading, (a) longitudinal view , (b) circumferential

view.
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W is initial imperfection in the form of buckling
mode. Due to the use of the Donnell-type non-
linear kinematics relations, the analysis is restricted to

i b i
il
9a

shallow shells. For simply supported end conditions,
the double expansions of Fourier series are:

U(z,0) = (2= L/2)Uso + Y > Upn Cos{apz) Cos(nb)

m=1 n=0

M=
NE

Viz,0) = 394 Vin Sin{amz) Sin(ng)

W(z,0) = WZA; nz]::o Win Sin(cmz) Cos(nb)

bo(2,0) = mi:l go bmn Cos(ama) Cos(nb)

bo(x,0) = i ZN: Gomn Sin(amz) Sin(nb) (9)
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in which o, = mz /L and M and N are the upper limit
of integer numbers m and n. The unknown coefficients

Figure 2. Circular cylindrical shell subjected to linearly varying axisymmetric external pressure over part of its length,

(a) longitudinal profile , (b) circumferential view.
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UmOv Umna anv Wmnv (bxmn and ¢9mn are modified in
each incremental step.

NON-LINEAR ANALYSIS
The total virtual work of cylinder is obtained by
combining internal virtual work of shell and external
virtual work due to applied loads. The internal virtual
work of cylindrical shell is:

SWh = /[NJ%+NM@+N@MM+A@Mx

+ Mobro + Myodrze + Qrbvs, + Q@(S’\/ez]ds
(10)

The external virtual work due to axial and lateral
applied pressure is:

swek = —P/[&U(l,@)—6U(O,9)]Rd9—qD/6WdS (11)
s

in which P is the axial force per unit length of cylinder
circumference and q” is the radial dead pressure.
For hydrostatic pressure, P is related to ¢ (P =
RqP/2) . In the case of live external pressure, which
is displacement dependent [16], the second term of
equation (11) is modified as:

ou 10V
.
/WW7+}#V5‘+WVMW)+5WT8 ARae)
S
asu 1 96V
+W(—8x +§—86 )ds
(12)

The equilibrium equations are in the form of:

— §Wsh

6Wtotal int 6W5h =0 (13)

ext
After linearization of Eq. (13), the incremental equi-
librium equations can be written as:

oW, otal( ) + DéW, otal(U) [AU] =0 (14)

where D§W " (U) [AU] represents directional deriva-
tive of total virtual work at U in the direction of
AU [17]. It is to be noted that vector U stores
Fourier unknown coefficients and AU is its increment.
Equation (14) is fundamental relation for non-linear
analysis in Newton-Raphson and arc-length methods

[18].

NON-UNIFORM EXTERNAL PRESSURE
A linearly varying axisymmetric external pressure ap-
plied to the partial segment of the shell is shown in
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Figure 2. External virtual work due to the dead form
of this loading is defined as:

2pi L

em—// 2)6W (z, )R dx df (15)

in which q(x) is pressure at a distance x, and 6W(x, 6)
represents virtual radial displacement at coordinate

(x,6). Substituting ¢(z) = q, + ((b Z‘)L)(a; — a) and

SW (x,0) in equation (15) leads to:

sWi

ext —

2RL
(b—a)

1 mmb
[g5(a + b) — 2gab] Z cos 17

M
2RL 1 mra
- = )[qa(a +b) — 2qs4a] E %c i SWino

m=1,2
2RIL? M 1 . mnb . mwa
_(b—a)(qb_qa) Z ﬁ(szn T — sin 7 VoW o
m=1,2,..
(16)

where 8W,,o is axisymmetric virtual radial displace-
ment for harmonic m. External virtual work due
to the live type (displacement dependent) of partial
loading can be obtained by adding the expanded form
of equation (12) to relation (16).

NUMERICAL RESULTS AND

DISCUSSIONS
A computer program based on the described analysis is
prepared to asses the stability of composite cylindrical
shells under longitudinally partial and non-uniform
external pressure. For the uniform partial loading
with variable loaded length, a numerical example from
Reference [12] for comparing the results is analyzed.
Another set of studies is carried out to compare buck-
ling and post-buckling response of various laminated
cylindrical shells subject to combined axial compression
and triangular external pressure with those of axial
compression in combination with uniform external
pressure.

CYLINDER UNDER PARTIAL EXTERNAL
PRESSURE
Figure 3a shows axisymmetric uniform partial pressure.
In an attempt to validate the current analysis, the
buckling of composite cylinders under partial exter-
nal pressure is investigated. The present results are
compared with those given by Xiao and Cheng [12].
Geometry of the cylinder according to Figure 1 is
as follows: L/R=5; h/R=0.01 and R=128.0 mm.
Also, material properties include two cases: isotropic
material with v = 0.0165 and orthotropic material
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Figure 3. Cylindrical shell subjected to axisymmetric partial loading, (a) uniform partial loading, (b) combined axial

compression and triangular lateral pressure.
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Figure 4. Buckling of orthotropic circular cylinder under
partial uniform external pressure.

with k:EQQ/Ell :O].].v?)7 G12/E11 :O.l6§12 =0.0165.
The ratio of Lo/L, which represents the loaded area,
varies from 0.2 to 1.0. The analytical Results based on
geometrical non-linear analysis including pre-buckling
deformations are depicted in Figure 4. In each category
(isotropic or orthotropic cylinder) 5 discrete square
points show those obtained by Reference [12]. For
Lo/L > 0.4, the current results are in good agreement
with those of Reference [12] for both isotropic and or-
thotropic material properties. However, for Ly/L=0.2,
some variations exist between the results. For a small
ratio of loaded length, pre-buckling deformations take
the bending pattern rather than the membrane one,
and this domination which has not been included in the
investigations by Xiao and Cheng, is the main reason
for discrepancies.

COMPOSITE CYLINDER UNDER
COMBINED LOADING
The intention of designing this numerical example is to
appraise the effects of two types of combined loading on
the buckling and post-buckling responses of composite
cylindrical shells. The first type is combined axial

compression and triangular external pressure (Figure
3b), and the second loading is uniform external pres-
sure (applied over entire circumference of the cylinder)
in combination with axial compression. Several load
interaction parameters, S, defined by: P=SqR where
(P is axial load per unit length of the circumference
and q is the external pressure) along with various
shell arrangements, (90)4, (0/90)2r, (75/-T53)ap are
considered in the analyses. The geometric data of the
cylinder is: L=300.0 mm; R=191.0 mm; h=1.0 mm; all
plies of the skin are of equal thickness and the material
properties of one ply is: E;11=150.0 GPa; E22=7.0 GPa;
G12:3.5 GP&; Via = 0.3.

Uniform and triangular interaction buckling
curves for shell lay-up (0/90)2r are depicted in Figure
5a. Similar curves for other shell arrangements, (75/-
75)or and (90)4, are also shown in Figures 5b and 3¢,
respectively. The stable region for lay-up (75/-75)a7
is partly different from those of (90)4 and (0/90)sr
for both uniform and triangular pressures. Another
comparison shows that in the case of (75/-75)21 both
triangular and uniform interaction buckling diagrams
are nearly the same while for (0/90)27 that of uniform
pressure encounters more stable behavior and for lay-
up (90)4 this trend is the reverse.

Figures 6 and 7 show, respectively, the post-
buckling load-shortening and load-deflection curves of
various composite cylinders under combined loading.
Load interaction parameter, S, is taken 0.3 which
corresponds to cylinder under hydrostatic external
pressure. For both uniform and triangular pressures,
laminated shells with stacking sequences of (0/90)ar
and (75/-75)27 have specific minimum strength in the
post-buckling domain while that of lay-up (90)4 has
a descending pattern in the post-buckling region. In
all cases of uniform pressure, the increase in the post-
buckling applied pressure causes an increase in the end-
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Figure 5. Comparison of buckling interaction curves for uniform and triangular external pressure for various shell

arrangements, (a) (0/90)27, (b) (75/-75)27 , (c) (90)4.

0.14

Shell Stacking Sequence : (0/90)2r Shell Stacking Sequence : (78-75pr
012 Interaction Parameter (S=0.5) & 012 Interaction P arameter ($=05)
IS £
E 01 § 01 / /
Z =
2 0.08 % 0.08 e
ALT 0.06 oo
€ 0.04 g oot
5 b= i = Triangular
= —— Triangular 002
uw 0.02 9 j —o— Unifarm

—o— Uniform o= . v - - - -
0
0 0.2 0.4 06 0g 1 1.2 14
0 0.2 0.4 0.6 0.8

End-shortening

(a)

(mm)

0.14
Shell Stacking Sequence (80),
< 012 4
= A Interaction Parameter (5=0.5)
E 01
< /1
o A e
¥ 006 7 —
= e PO
5 0% ;/ —— Triangul
riangular
Y g
=0—Uniform
0 T T T T T T
0 02 04 06 08 1 1.2 14

End-shortening (mm)

(c)

End-shartening {mm)

(b)

Figure 6. The effect of external pressure distribution on the post-buckling response of a composite cylinder based on

end-shortening curves, (a) (0/90)2r, (b) (75/-75)27, (c) (90)4.



Stability Analysis of Laminated Cylindrical Shells under Combined Axial Compression and ...

0.12 = 0.14
—— Triangular == Triangular
Ng 0.1 —o— Uniform g 012 “1\ o— Unifarm
S £ o1 et
Z 0.08 = k f((
% £ o008 -
2 006 _DD_M § e [Tt
& o 3 [ =
T 0.04 £ 004
= T
% 0.02 N d oz E Shell Stacking Sequence (75/-75)5;
Shell Stacking Sequence (0/90)zr ; Interaction Parameter [ S=0 5)
i Interaction Parameter (S=0.5) 0 - - r r T
’ 1 2 3 4 5 0 1 2 3 4 5 f
Radial Displacement (mm) Radial Displacement (mmj)
(a) (b)
014
—+— Triangular
SN ——— —o— Ukiform
01

e \\h—t—‘_‘
002 Shell Stacking Sequence (90},
Interaction Parameter (S=0.5)

External Pressure (Mmm
[
[
[=))

0 1 2 3 4 5
Radial Displacement (mm)
(c)
Figure 7. The effect of external pressure distribution on post-buckling response of a composite cylinder based on radial

displacement curves, (a) (0/90)2r, (b) (75/-75)2r, (c) (90)4.

016 0.14
—— (073027 |Interaction Parameter : (S=05)
o 04 =0 (75775 12T 012
E 012 —— 50k E o1
3 =z
=01 o
% 0.08 % 0.0s M
Ll Fow —
o ™
é 0.4 | é 0.04 I/ —— {9027
Yoo 4 gz o (T5-75)2T
o |Interaction Farameter: (5=0.1) 0 — (3034
0 02 0.4 06 0.3 1 0 05 1 15 2
End-shortening {mm) End-shortening (mm)
(a) (b)
0.08

o 0.08 e

£ 0.07 Pl

£

Z 006 i // f

oW A /ﬁf

£ oo [ — [

S oos £

c o] ~ — (e

T

& ¢ o —o— (7TB-75)2T

| Interaction Parameter : {5=2.5} —— (9014
0 " " T
0 05 1 1.5 2

End-shortening (mm)

(c)
Figure 8. Stacking sequence effects on the post-buckling response of a composite cylinder under combined axial
compression and triangular external pressure, (a) S=0.1, (b) S=0.5, (c) S=2.5.

25



26

shortening, however, in the case of triangular pressure,
there is a slight snap-back in the post-buckling area.
Another parameter, which can appraise the post-
buckling response, is the ratio of Pmin/Pecr (Pmin is
the lowest post-buckling load). In the case of (0/90)a7,
Pmin/Pecr is 0.619 for triangular and 0.680 for uniform
pressure while (75/-75)or shows 0.627 and 0.790 for
triangular and uniform cases respectively. In the case
of triangular external pressure and in the last portion
of the post-buckling curves, increase in the strength
for shell lay-ups (0/90)2r and (75/-75)27 is identified.
However, for uniform pressure case, apart from shell
arrangement, stable post-buckling region is negligible.

Figure 8 illustrates the response of different com-
posite cylindrical shells under combined axial compres-
sion and triangular external pressure. In this case load
interaction parameter, S, varies from 0.1 (nearly pure
external pressure) to 2.5 (dominating axial compres-
sion). Results show that increasing the S intensifies the
snap-back pattern of post-buckling curves for all shell
profiles. Also, Pmin/Pcr decreases when increasing the
S. In the case of low axial compression (S=0.1), despite
differences in the critical pressures of the shell made
up of various lay-ups, their post-buckling responses
are similar. But by increasing the axial compression,
relative to the external pressure behavior of post-
buckling the response for a shell with (75/-75)27 and
(90)4 varies more rapidly than that of (0/90)27.

CONCLUSION

Geometrical non-linear analysis is implemented to
study the buckling and post-buckling responses of lam-
inated circular cylindrical shells subjected to combined
axial compression and non-uniform external pressure.
The Donnell non-linear shell theory along with first or-
der shear deformation (FOSD) is used. The remarkable
conclusions based on the obtained information may be
classified as follows:

e Comparison of the current study for isotropic and
orthotropic cylinders under partial uniform external
pressure with those of linear bifurcation analy-
sis indicates that for small loaded portions, pre-
buckling bending deformations play a significant role
in determining the buckling pressure.

e Interactive buckling curves obtained under com-
bined axial compression and external pressure show
that distribution of external pressure (triangular vs.
uniform) only has a negligible effect on the pattern
and stable zone of these curves. However, the shell
stacking sequence has more influence on the shape
of interaction buckling curves.

e The post-buckling response of laminated cylindrical
shells under combined loading is more sensitive to
axial compression than external pressure. Lam-

10.

11.

12.
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inated composite cylinders subject to triangular
external pressure combined with axial compression
show slightly more sensitivity and reduction of the
strength in the post-buckling range than those of
uniform pressure in combined axial load.

The shell stacking sequence and load interaction
parameter S, both influence post-buckling pattern
under combined loading. If these effects intensify
each other, snap-backing may occur as in the case
of anti-symmetric angle ply laminate, (75/-75)27.
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