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 Flight simulation is an efficient tool in testing, evaluation and 

validation of aircrafts' design by observing flight parameters and 

predict the results of field tests in order to evaluation of design; In this 

regard for designing  a flexible projectile, a nonlinear model is 

developed and also is simulated  by implementing it in the Simulink 

environment; In this way, the role of some design parameters or inputs 

such as: structure's natural frequencies, maneuvering acceleration, 

propulsion curve, initial or inherent misalignment or deflection of 

propulsion, angular velocities especially spinning velocity etc. has 

been examined.  

By comparing flexible projectile flight simulation or so-called 

"Elastic flight simulation" to the "Rigid flight simulation", on issues 

such as flight behavior, trajectory and collision accuracy, propulsion 

curve and its initial errors, spinning velocity, effect of the control 

commands etc., elastic model gives more accurate, reasonable and 

realistic answer;  However, in issues such as the study of the effect of 

aerodynamic load distribution, stiffness and inertia distribution, 

structure’s natural frequency, etc. only simulations based on elastic 

model will be able to respond. Accordingly, the main orientation of 

this research is to develop a model and software tool in order to flight 

simulation of flexible projectile with acceptable accuracy and high 

run speed to achieve some of the mentioned goals; However, due to 

the extent variety of input parameters and their interaction, in this 

study, only initial misalignment & deflection of propulsion, spin 

velocity and structure’s natural frequency is covered and other cases 

will be examined in future studies. 
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Aeroelasticity is expressed as the interaction 

between aerodynamic and structural deformations, 

which itself is divided into two areas, static and 
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dynamic aeroelasticity; In static aeroelasticity, the 

role of inertial loads (structural vibrations) on 

aerodynamic behavior is ignored; But in dynamic 

aeroelasticity, the role of inertial loads is also 

effective and the deformation of structures is 

accompanied by vibration; Aeroelasticity has been 

studied in many studies and researches, most of 

them related to destructive and adverse effects of 

aeroelasticity on instability phenomena such as 

divergence and flutter and control loop design of 

flexible aircrafts which is called as 

aeroservoelasticity. The main methods of aeroelastic 

analysis in these studies base on linearization of 

state equations and stability analysis around the 

equilibrium point or trim flight level. For example, 

in the first research on aeroelasticity analysis, Kirsch 

[1] derived the equations of motion for a flexible 

projectile by using Lagrange equations; Then, by 

linearizing and transferring them to the steady state 

space, stability of the flexible projectile was 

examined; In the same direction, Mierovitch and 

Nelson [2] used the same equations to study the 

aeroelastic stability of a high-spin satellite with 

flexible components; Platus and Segundo [3] 

investigate about stability and design of controller 

for the spinning flexible projectile with a slender 

body; In this study, after obtaining the equations of 

motion for a projectile, the linearization of equations 

was extracted around a trim level condition or 

equilibrium point; In the following, the aerodynamic 

pressure and the spin velocity that causes the 

aeroelastic instability of the projectile are extracted. 

     In most studies on stability analysis of the 

flexible projectiles, calculations have been 

performed based on linearized equations of motion 

and transforming them to steady space; As a result 

of linearization has neglected the role of nonlinear 

and coupling expressions; Of course, this 

linearization does not cause a significant error in 

aeroelastic instability analysis, because if the 

linearized equations become unstable, instability 

will certainly occur in nonlinear equations and 

consequently in real conditions; But in this way, the 

allowable ranges for the aerodynamic pressure of 

the projectile become more limited and the design 

more conservative in other word the margin of 

stability decreases [4]; In stability analysis via 

simulation in time domain, there is no limitation and 

no requirement for linearization, therefor equations 

can be fully implemented; But the main weakness of 

this method is impossibility of achievement to 

explicit answers; Because instability occurs over 

time, it is a bit difficult to extract or judge what flight 

condition caused the instability; It should also be 

noted that in simulation-based or time-based 

analyzes, omitting nonlinear or coupling 

expressions reduces accuracy and is also illogical 

especially when it is supposed to compare the results 

of flexible body simulation with rigid type [5] . 
In studies related to the time domain analysis of 

aeroelastic instability; Anne Da Silva and colleagues 

[3] have investigated the aeroelastic stability of 

sounding rocket; In their research, by 

simultaneously solving structural and aerodynamic 

equations by use of Z-Aero software, they have 

studied the stability of a flexible rocket and 

determined the instability velocity of the flutter; In 

this study flutter analysis was done according to 

generalized time function from modal approach; It 

has also been shown that as the rolling speed 

increases, the aerodynamic pressure required for the 

flutter decreases and the stability domain becomes 

smaller.  

     The results of flexible projectile simulation are 

not limited to stability analysis and can be used in 

other areas such as control loop design and 

evaluation, primary design (modification or 

optimization), navigation devices’ position 

placement and improvement coincidence of 

simulations' result with the field tests. The design 

optimization and improvement coincidence of 

simulations' results with the field tests (achieving 

more realistic results) have been investigated in this 

research; In practice, the use of simulation in the 

fields of design and optimization, especially during 

the conceptual and primary stage of design, is 

considered more than other fields such as stability 

analysis; For example, in a study conducted by the 

Elyada [4], the effects of stiffness distribution and 

aerodynamic geometry and their role on the 

aeroelastic stability of the projectile were 

investigated and evaluated, and finally the better 

configuration was selected. Of course, this design 

optimization is not done with the help of simulation 

in the time domain, but based on the method of 

linearization of state equations and extraction of 

divergence velocity and flutter; However, in this 

study, in addition to study  of the flight stability, by 

comparing flight quantities in two rigid and flexible 

simulations and finding the causes, the optimal 

selection of design parameters is also done; In this 

regard, it is obvious that the closer the simulation 

results are to the results of field tests, the better and 

more accurate evaluation of the aircraft can be . 
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     In guided or controlled projectiles, flexibility can 

affect the stability of control loop and controlling 

effort, accuracy of the collision, circular error 

probable (CEP) etc.; Control commands usually 

significantly increase the loads on the structure 

instantly, thus increasing the effects of structural 

flexibility; These effects can have on issues such as 

flight path, collision accuracy, command following, 

controlling effort, design and selection of guidance 

law and many similar issues that are beyond the 

scope of this study, but can be considered in future 

studies. However, in this study, a few control 

commands have been applied in order to investigate 

the role of structural flexibility to show the reader 

how changes in applied loads affect the aeroelastic 

response of the structure and what measures can be 

taken in this regard ; It also can be shown how these 

commands, along with cumulative factors such as 

inherent deflection of the propulsion force and 

rolling speed, increase flight path mismatch and the 

probability of flexible projectile instability.It also 

can be shown that how these commands, along with 

cumulative factors such as inherent deflection of the 

propulsion force and rolling speed, increase flight 

path mismatch and the probability of flexible 

projectile instability. In these circumstances to 

prevent these adverse effects it is necessary to 

increase natural frequency of the structure or modify 

design parameters. In this regard, it is shown that in 

a unguided projectile with a conventional design 

(slenderness ratio less than 15 with structural 

thicknesses of a few millimeters) aeroelastic effects 

rarely cause flight instability; Because in practice, 

due to the large diameter (due to embedding 

requirements of parts & subsystems) and high 

thickness (due to requirements for production and 

jointing of bays), the rigidity of the structure and 

thus its natural frequency will be high (More than 20 

Hz for first frequency); Therefor in absence of the 

control commands, flexibility just cause changing in 

flight quantities and  accuracy in the flight path of 

the projectile rather than its instability. 

Extraction equations of motion 

Due to the infinite degrees of flexibility of the 

flexible projectile, the Lagrangian relation is used to 

derive the equations of motion; In this method, 

generalized quantities or coordinates, kinetic 

energies, potentials and depreciation are used to 

derive equations of motion. The form of Lagrange 

equations is as follows [5].  

(1) 
𝑑

𝑑𝑡𝐵
(
𝜕𝑇

𝜕𝑞̇𝑖  
)
𝑇

−
𝜕𝑇

𝜕𝑞𝑖  
+

𝜕𝑈

𝜕𝑞𝑖  
+

𝜕𝐷

𝜕𝑞̇𝑖  
= 𝑄𝑞𝑖

 

In the above relation, 𝑞𝑖: represents the generalized 

coordinates or state parameters, 𝑇: kinetic energy, 

𝑈: potential energy, 𝐷: Damping or dissipation 

energy and 𝑄𝑞𝑖
: generalized load in the direction of 

the generalized coordinate 𝑄𝑖; In order to calculate 

the quantities used in Lagrange equations, it is first 

necessary to determine the position vector of the 

material element of the body (𝑅⃑ ) relative to a fixed 

reference i.e. ground reference; In this regard, it is 

assumed that each vector that connected material 

element to body`s center of mass consists of a rigid 

part 𝑟𝑜⃑⃑⃑   and a non-rigid or elastic part (𝑒 ) (see Figure 

1). 𝑟 :  is also a vector that connects the fixed 

reference to the center of mass of the flexible 

projectile [6]. 
(2) 𝐸⃑ = 𝑅⃑ + 𝑟  

(3) 𝑟 = 𝑟𝑜⃑⃑⃑  + 𝑒  

 

 
Figure 1  Schematic configuration of coordinate and 

vectors related to the mass element of a flexible 

projectile. 

The elastic component of the position vector (𝑒 ) is 

calculated based on the deformation behavior of the 

projectile in a form of transverse bending vibration 

in two 𝑥 − 𝑦 and 𝑥 − 𝑧 planes, which is consistent 

with the fact that the major aerodynamic loads and 

guidance commands apply in these directions; 

Accordingly, the effects of torsional and 

longitudinal vibrations of the structure in 

comparison with transverse vibrations are neglected. 

The structural deformation vector 𝑒  can be written 

as follows using harmonic analysis and the 

"assumed modes" method [6]: 
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(4) 𝑒 (𝑥, 𝑡) = {

0
𝑒𝑦(𝑥, 𝑡)

𝑒𝒛(𝑥, 𝑡)

} =

{
 
 
 

 
 
 

0

∑𝜙
𝑖
(𝑥)𝜂

𝑖
(𝑡)

𝑁𝑒

𝑗=1

∑ 𝜙
𝑖
(𝑥)𝜉

𝑖
(𝑡)

𝑁𝑒

𝑗=1 }
 
 
 

 
 
 

 

In the above relation, 𝜙𝑖(𝑥): indicates the transverse 

vibration mode shapes or generalized function of the 

flexible projectile; Also, 𝜂𝑖(𝑡) and 𝜉𝑖(𝑡) represent 

time functions or generalized coordinates, 

respectively in the 𝑥 − 𝑦 and 𝑥 − 𝑧 planes 

corresponding to these vibrations; Due to the high 

slenderness ratio of the projectile (ratio of its length 

to diameter), its structure is considered as a Euler-

Bernoulli beam (the effect of shear deformation is 

ignored) with the effects of axial force N (x) (by 

considering the effect of axial force on changing the 

natural frequency of the structure), Taken from 

following equation: [7] 

𝑚(𝑥)
𝜕2𝛿(𝑥, 𝑡)

𝜕𝑡2 
+

𝜕2

𝜕𝑥2 
[E(𝑥)Izz(𝑥)

𝜕2𝛿(𝑥, 𝑡)

𝜕𝑥2 
]

+
𝜕

𝜕𝑥 
[N(x)

𝜕𝛿(𝑥, 𝑡)

𝜕𝑥 
] = 0 

 

Which 𝛿(𝑥, 𝑡): represent the transverse deformation, 
𝐸 (𝑥): is the Young's modulus distribution and 

𝐼 (𝑥): is the second moment of inertia of the 

projectile’s structure; The spatial function 𝜙𝑖(𝑥) is 

calculated based on (Equation 5) and according to 

the boundary conditions of the two free ends: 

(6) 
𝑚(𝑥)𝜔𝑖

2𝜙𝑖(𝑥) +
𝜕2

𝜕𝑥2 
[E(𝑥)Izz(𝑥)

𝜕2𝜙𝑖(𝑥)

𝜕𝑥2 
] 𝑥

+
𝜕

𝜕𝑥 
[N(x)

𝜕𝜙𝑖(𝑥)

𝜕𝑥 
] = 0 

𝜔𝑖: is the natural frequency of the projectile 

corresponding to each vibration mode; Frequencies 

and mode shapes is determined by the by numerical 

or approximate methods like Galerkin method 

which can validated by modal experimental test . 
     The Lagrangian equations is written in the body 

coordinate (aligned with center of mass of the 

flexible projectile) and the derivative of the flight 

quantities relative to the bare or stationary apparatus 

is calculated using Coriolis law [6] and [3] If the 

velocity vector of the center of the body apparatus 

and the velocity vector of each component in the 

absolute apparatus are equal to 𝑉𝑖⃑⃑ =
𝑑𝐸⃑ 

𝑑𝑡𝐼
 and 𝑉𝑜⃑⃑  ⃑ =

𝑑𝑅⃑ 

𝑑𝑡𝐼
 

are displayed, then after deriving relations (2) and 

(3) and using the law of Coriolis, the velocity of each 

mass component is written as follows [3]: 

(7) 𝑉𝑖 = 𝑉𝑜 +
𝑑𝑟𝑜⃑⃑⃑  

𝑑𝑡𝐵
+

𝑑𝑒 

𝑑𝑡𝐵
+ 𝜔𝐼/𝐵 × (𝑟𝑜⃑⃑⃑  𝑐  + 𝑒 )  

𝜔𝐼/𝐵 : Indicates the angular velocity of the inertial 

coordinate system relative to the body coordinate or 

the values of the angular velocity of the projectile 

(𝑃, 𝑄, 𝑅); The expression 
𝑑𝑟𝑜

𝑑𝑡𝐵
: represents the linear 

velocity vector of the projectile in the body system 

or the same expression (U, V, W); 𝑟𝑜⃑⃑⃑  : which 

represents the rigid portion of body vector of 

position (𝑟𝑜⃑⃑⃑  = {
𝑥
𝑦
𝑧
}); Obviously, the time derivative 

of this vector is zero, ie (
𝑑𝑟𝑜

𝑑𝑡𝐵
= 0, the expression 

(
𝑑𝑒 

𝑑𝑡𝐵
) also means the strain rate of the projectile 

material particles; By placing the values in Equation 

(7), the following relation is obtained for the 

velocity of each material particle of the flexible 

projectile : 

(8) 

𝑉𝑖

= {
𝑈 + 𝑄𝑧 − 𝑅𝑦
𝑉 + 𝑅𝑥 − 𝑃𝑧
𝑊 + 𝑃𝑦 − 𝑄𝑧

}

𝑅

+

{
 
 
 
 

 
 
 
 
𝑄 ∑𝜙𝑖𝜉𝑖

𝑁𝑒

𝑖=1

− 𝑅 ∑𝜙𝑖𝜂𝑖

𝑁𝑒

𝑖=1

∑𝜙𝑖𝜂𝑖̇

𝑁𝑒

𝑖=1

− 𝑃 ∑𝜙𝑖𝜉𝑖

𝑁𝑒

𝑖=1

∑𝜙𝑖𝜉𝑖̇

𝑁𝑒

𝑖=1

+ 𝑃 ∑𝜙𝑖𝜂𝑖

𝑁𝑒

𝑖=1 }
 
 
 
 

 
 
 
 

𝐸

 

Given that in the simulation of a flexible projectile 

flight, it is desirable to compare the share of rigid 

and elastic expressions, so in Equation (8), the share 

of rigid and elastic expressions is distinct with the 

help of R and E indexes respectively; According to 

(Equation 8), it can be argued that the flexibility 

effects are more significant for projectiles with high 

values of angular velocities, which is shown in the 

section on simulation results. 

Kinetic energy  

The kinetic energy is calculated from the total 

kinetic energy of the mass components (lumped or 

continues) with respect to the velocity of each of 

them (Equation 7); The general relation of the 
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calculation of kinetic energy in terms of the general 

vector mass element could be written as follows  [8]: 

(9) 
𝑇 =

1

2
∫

𝑑𝐸⃑ 

𝑑𝑡𝐼
.
𝑑𝐸⃑ 

𝑑𝑡𝐼
𝑑𝑚

=
1

2
∫ 𝑉𝑖⃑⃑ . 𝑉𝑖⃑⃑ 𝑑𝑚 

By replacing Equation (7) in Equation (9), the 

general relation of the kinetic energy for the flexible 

projectile is obtained as Equation (10); Again, by 

separating the contribution of elastic terms, the role 

of structural deformation can be seen more clearly 

in the kinetic energy of the projectile and it can be 

used to study and analyze the stability of the flexible 

projectile in the absence of external excitation or 

control loads. 

(10) 

𝑇 =  𝑇𝑅 + 𝑇𝐸 

𝑇𝑅 =
1

2
𝑀(𝑈2 + 𝑉2 + 𝑊2)

+
1

2
[𝐼𝑥𝑥(𝑄

2 + 𝑅2) + 𝐼𝑦𝑦(𝑃
2 + 𝑅2)

+ 𝐼𝑧𝑧(𝑃
2 + 𝑄2)] 

𝑇𝐸 =
1

2
∑𝑚𝑖(𝜂̇𝑖

2 + 𝜉𝑖̇
2)

𝑁𝑒

𝑖=1

+ 𝑃 ∑𝑚𝑖(𝜂𝑖𝜉𝑖̇ − 𝜂̇𝑖𝜉𝑖)

𝑁𝑒

𝑖=1

− 𝑄𝑅 ∑𝑚𝑖𝜂𝑖𝜉𝑖

𝑁𝑒

𝑖=1

+
1

2
(𝑃2 + 𝑅2)∑𝑚𝑖𝜂𝑖

2

𝑁𝑒

𝑖=1

+
1

2
(𝑃2 + 𝑄2)∑𝑚𝑖𝜉𝑖

2

𝑁𝑒

𝑖=1

 

𝑚𝑖: Indicates the generalized mass corresponding to 

each vibration mode and is calculated from the 

following relation : 

(11) 𝑚𝑖 = ∫𝜙𝑖(𝑥)𝑚(𝑥)𝜙𝑖(𝑥)𝑑𝑥
𝑙

 

From Equation (10), it is clear that the rolling 

velocity (P) plays a major role in the kinetic energy 

content of related to flexibility, and as it increases, it 

is expected that the difference between the two rigid 

and flexible simulation quantities and possibility of 

instability increases, which is mentioned in the 

results section.  

Potential energy  

The potential energy is an indeterminate quantity, 

and when the excitation mode of the system is rigid, 

its value is zero, so the potential energy is only the 

result of the deformation of the structure; The 

relation of calculating the potential energy due to the 

flexural deformation of the structure is as follows 

[8]: 

(12) 

𝑈𝑒 =
1

2
∫

𝑀̂2

2𝐸(𝑥)I(𝑥)
𝑑𝑥

𝑙

=
1

2
∫𝐸(𝑥)I(𝑥) (

𝑑2𝛿(𝑥, 𝑡) 

𝑑𝑥2
)

2

𝑑𝑥
𝑙

 

Which in the above equation, 𝑀̂: is the flexural 

moment distribution along the projectile structure; 

According to the relationship between flexural 

moment and deformation, Equation (12) can be 

written as follows: 

(13) 

𝑈𝑒

=
1

2
∫𝐸(𝑥)Iyy(𝑥) (

𝑑2𝑒𝑦 

𝑑𝑥2
)

2

𝑙

+ 𝐸(𝑥)Izz(𝑥) (
𝑑2𝑒𝑧 

𝑑𝑥2
)

2

𝑑𝑥 

Assuming the radial symmetry of the structure’s 

properties and the mass distribution, the second 

surface inertia distribution on the 𝑥 − 𝑦 and 𝑥 − 𝑧 

planes can be equalized, ie: 𝐼𝑦𝑦 = 𝐼𝑦𝑦 =  𝐼, which 

is finally replaced by the expression the 

deformations of 𝑒𝑦 And 𝑒𝑧 (Equation 4) The 

following equation is extracted : 

(14) 

𝑈𝑒 =
1

2
∑𝑘𝑒𝑖

(𝜂𝑖
2 + 𝜉𝑖

2)

𝑁𝑒

𝑗=1

=
1

2
∑𝑚𝑖𝜔𝑖

2(𝜂𝑖
2 + 𝜉𝑖

2)

𝑁𝑒

𝑗=1

 

𝑘𝑒𝑖
: Indicates the generalized equivalent stiffness 

that is calculated from the following equation: 

(15) 

𝑘𝑒𝑖
= 𝑘𝑠𝑡𝑟𝑖

+ 𝑘𝑁𝑖

= ∫
𝜕2

𝜕𝑥2 
(𝜙𝑖(𝑥)E(𝑥)Izz(𝑥))

𝜕2𝜙𝑖(𝑥)

𝜕𝑥2 
𝑑𝑥

𝑙

+ ∫
𝜕

𝜕𝑥 
(𝜙𝑖(𝑥)N(x))

𝜕𝜙𝑖(𝑥)

𝜕𝑥 
𝑑𝑥

𝑙

 

𝑘𝑠𝑡𝑟𝑖
: is stiffness related to the mechanical 

characteristics of projectile’s structure and  𝑘𝑁𝑖: is 

the share or effect of the axial force in changing of 

the projectile’s stiffness; Obviously, the expression 

for potential energy (14) is only consist of elastic 

quantities, and therefore its effect will appear only 

in Vibration equations of the projectile . 
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Damping energy 

Damping energy reduces the vibrational energy of 

the projectile; Although the contribution of this 

energy is not regardable for integrated metal 

structures compared to kinetic and potential, it has 

been modeled due to the conceptual design and its 

role in body dynamics; The amount of energy 

dissipation for a continuous vibration system can be 

calculated as follows [8]: 

(16) 

𝐷 =
1

2
∫ 𝐶(𝑥)

𝑑𝛿(𝑥)

𝑑𝑡𝐵
.
𝑑𝛿(𝑥)

𝑑𝑡𝐵
𝑑𝑥

𝐿

= 
1

2
∫

𝐶(𝑥)

𝜌(𝑥)𝐴(𝑥)

𝑑𝛿(𝑥)

𝑑𝑡𝐵
.
𝑑𝛿(𝑥)

𝑑𝑡𝐵
𝑑𝑚

𝐿

 

In the above relation, the value of C (x), represents 

distribution of damping coefficient, 𝜌(𝑥): represents 

density per unit length of the projectile and 𝐴(𝑥): 

represents the cross-sectional distribution of the 

structure contributes sustaining loads. By Using the 

orthogonality of vibration modes, the relation of 

dissipative energy is written as follows: 

(17) 𝐷 = ∑𝜇𝑖𝑚𝑖𝜔𝑖(𝜂𝑖 + 𝜉𝑖

𝑁𝑒

𝑗=1

) 

In the above relation, 𝜇𝑖: is specific dumping related 

to each vibration mode; Its exact value can be 

obtained from the experimental modal method; But 

its normal value can be considered for almost 

uniform aluminum structures (about 0.01 to 0.02) 

for the first mode and about 00.05 to 0.002 for the 

second mode and its effect can be ignored in higher 

modes. 

Extraction of equations of motion for flexible 

projectile 

By placing the amount of kinetic energy (Equation 

10), potential energy (Equation 14) and depreciation 

energy (Equation 17) in the Lagrange equations (1), 

the projectile motion equations are obtained; The 

first three equations (12-20) are related to the 

transient motion and the second three equations (23-

21) are related to the rotational motion of the 

projectile and the two sets of equations (24 and 25) 

are related to the transverse vibrations of the 

projectile which are considered according to the 

number of vibration modes Taken, it contains the 

same number of independent equations . 

(18) 𝑈̇ =
𝐹𝑥
𝑀

+ [𝑅𝑉 − 𝑄𝑊 − 𝑀́𝑈]
𝑅
 

(19) 𝑉̇ =
𝐹𝑦

𝑀
+ [𝑃𝑊 − 𝑅𝑈 − 𝑀́𝑉]

𝑅
 

(20) 𝑊̇ =
𝐹𝑧
𝑀

+ [𝑄𝑈 − 𝑃𝑉 − 𝑀́𝑊]
𝑅
 

(21) 

𝑃̇ =
1

𝐼𝑥𝑥 + ∑ 𝑚𝑖(𝜂𝑖
2 + 𝜉𝑖

2)𝑁𝑒

𝑖=1

[𝑀𝑥 − 𝐼𝑥̇𝑃

+ (∑𝑚𝑖(𝜂𝑖̈𝜉𝑖 − 𝜂𝑖𝜉𝑖̈)

𝑁𝑒

𝑖=1

+ (𝑄2 − 𝑅2)∑𝑚𝑖𝜂𝑖𝜉𝑖

𝑁𝑒

𝑖=1

− 2𝑃 ∑𝑚𝑖(𝜂𝑖𝜂̇𝑖 + 𝜉𝑖 𝜉̇𝑖)

𝑁𝑒

𝑖=1

+ 𝑄𝑅∑𝑚𝑖(𝜉𝑖
2 − 𝜂𝑖

2)

𝑁𝑒

𝑖=1

)

𝐸

] 

(22) 

𝑄̇ =
1

𝐼 + ∑ 𝑚𝑖𝜉𝑖
2𝑁𝑒

𝑖=1

[𝑀𝑦 − 𝐼𝑄̇ + 𝑃𝑅(𝐼 − 𝐼𝑥𝑥)

+ (−𝑃𝑅∑𝑚𝑖𝜉𝑖
2

𝑁𝑒

𝑖=1

+ (𝑅̇ − 𝑃𝑄)∑𝑚𝑖𝜂𝑖𝜉𝑖

𝑁𝑒

𝑖=1

− 2𝑄 ∑𝑚𝑖𝜉𝑖 𝜉̇𝑖

𝑁𝑒

𝑖=1

+ 2𝑅 ∑𝑚𝑖𝜂̇𝑖𝜉𝑖

𝑁𝑒

𝑖=1

)

𝐸

] 

(23) 

𝑅̇ =
1

𝐼 + ∑ 𝑚𝑖𝜂𝑖
2𝑁𝑒

𝑖=1

[𝑀𝑧 − 𝐼̇𝑅 − 𝑃𝑄(𝐼 − 𝐼𝑥𝑥)

+ (𝑃𝑄∑𝑚𝑖𝜂𝑖
2

𝑁𝑒

𝑖=1

+ (𝑄̇ + 𝑃𝑅)∑𝑚𝑖𝜂𝑖𝜉𝑖

𝑁𝑒

𝑖=1

− 2𝑅 ∑𝑚𝑖𝜂𝑖𝜂̇𝑖

𝑁𝑒

𝑖=1

+ 2𝑄 ∑𝑚𝑖𝜂𝑖 𝜉̇𝑖

𝑁𝑒

𝑖=1

)

𝐸

] 
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(24) 𝜂̈𝑖 =
𝑄𝜂𝑖

𝑚𝑖 

− 2𝜇𝑖𝜔𝑖𝜂̇𝑖 + (𝑃2 + 𝑅2 − 𝜔𝑖
2)𝜂𝑖 + 2𝑃𝜉̇𝑖 + (𝑃̇ − 𝑄𝑅)𝜉𝑖 

(25) 𝜉̈𝑖 =
𝑄𝜂𝑖

𝑚𝑖 

− 2𝜇𝑖𝜔𝑖 𝜉̇𝑖 + (𝑃2 + 𝑄2 − 𝜔𝑖
2)𝜉𝑖 − 2𝑃𝜂̇𝑖 − (𝑃̇ + 𝑄𝑅)𝜂𝑖 

In the above phrases, M :́ indicates the ratio of the 

mass rate to initial mass of the projectile, ie: (
𝑀̇

𝑀
) and 

𝐼:̇ also indicates the rate of changing of rotational 

inertia of the projectile relative to the 𝑦 or 𝑧 axes; 

The rate of the axial rotational inertia ( 𝐼𝑥̇𝑥) is also 

ignored. In all equations, the share of rigid and 

elastic expressions in  linear and angular velocities 

is specified; In the equations of transition velocity, 

the direct role of flexibility can be eliminated with a 

few simplistic assumptions; But in angular velocity 

equations, the role of flexibility is obvious and 

indelible; It is also observed that flexibility gives 

rise to new expressions or quantities that could not 

be observed in rigid simulation at all; For example 

the values: ∑ 𝑚𝑖𝜉𝑖
2𝑁𝑒

𝑖=1  and ∑ 𝑚𝑖𝜂𝑖
2𝑁𝑒

𝑖=1  Which is 

interpreted as elastic rotational inertia, causes the 

dependence or overlap of rigid and elastic 

expressions in equations of angular velocity; It is 

also obvious that all the sentences related to the 

transverse vibrations (equations 24 and 25) contain 

the generalized coordinates 𝜂𝑖 and 𝜉𝑖; The number 

of vibrational equations in each transverse plane is 

equal to the number of considered mode shapes. 

Distribution of the wind-body angles 

In order to calculate aerodynamic loads, it is first 

necessary to determine the distribution of the wind-

body angles; Unlike the rigid model, the angles of 

attack and side-slip in the flexible projectile will be 

variable on geometry of the projectile due to its 

deformations and vibrations; According to the 

definition of these angles, their distribution can be 

expressed as follows: 

(26) 

𝛼𝑒(𝑥, 𝑡) = [𝛼𝑟 −
𝑄𝑥𝑙(𝑥)

𝑉∞
]
𝑅

+
1

𝑉∞
[∑𝜙𝑖(𝑥)𝜉𝑖(𝑡)̇

∞

𝑖=1

+
𝑃

𝑉∞
∑𝜙𝑖(𝑥)𝜂𝑖(𝑡)

∞

𝑖=1

− ∑𝜙́𝑖(𝑥)𝜉𝑖(𝑡)

∞

𝑖=1

]

𝐸

 

(27) 

𝛽𝑒(𝑥, 𝑡) = [𝛽𝑟 +
𝑅𝑥𝑙(𝑥)

𝑉∞
]
𝑅

+
1

𝑉∞
[∑𝜙𝑖(𝑥)

∞

𝑖=1

𝜂𝑖̇(𝑡) −
𝑃

𝑉∞
∑𝜙𝑖(𝑥)𝜉𝑖(𝑡)

∞

𝑖=1

− ∑𝜙́𝑖(𝑥)𝜂𝑖(𝑡)

∞

𝑖=1

]

𝐸

 

In the above relation 𝑥𝑙(𝑥): denotes the distance 

from the each body element to the current C.G. of 

the projectile, [𝛼𝑟 −
𝑄𝑥𝑙

𝑉∞
]
𝑅

 and [𝛽𝑟 +
𝑅𝑥𝑙

𝑉∞
]
𝑅

 are the 

rigid portion to the angle of attack and the side-slip 

respectively and expressions related to flexibility are 

indicated by footnote E; It should be noted that the 

rigid components just means the similarity of the 

calculation with the rigid state and the non-direct 

dependence on the deformation of the structure. 

Estimation and calculation of aerodynamic loads 

Due to the use of the body coordinate in extracting 

the equations of motion, it is necessary to express 

the aerodynamic coefficients and loads in the same 

coordinate instead of the stability coordinate; 

Another reason for this is the effect of aerodynamic 

coefficients from deformation and vibration of the 

body. The quasi-stable method is used to calculate 

aerodynamic loads in the sense that the aerodynamic 

coefficients or their distribution are multiplied by 

the instantaneous values of the wind-body angle 

distribution; This assumption is valid for the case 

where the natural frequency of the body is very 

different from the minimum frequency of 

aerodynamic loads; For this purpose, the 

deformations of the structure must also be in the 

linear ranges; The general relation for calculating 

aerodynamic loads is as follows: 
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(28) 𝐹𝐴𝑥
, 𝐹𝐴𝑦

, 𝐹𝐴𝑧
= 𝑄∞𝑆𝑟𝑒𝑓(𝐶𝑥, 𝐶𝑦 , 𝐶𝑧 

(29) 𝑀𝐴𝑥
, 𝑀𝐴𝑦

, 𝑀𝐴𝑧
= 𝑄∞𝑆𝑟𝑒𝑓𝑑(𝐶𝑙 , 𝐶𝑚, 𝐶𝑛) 

𝐶𝑥, 𝐶𝑦, 𝐶𝑧 are the aerodynamic force coefficients 

and 𝐶𝑙, 𝐶𝑚 and 𝐶𝑛  are the aerodynamic moment 

coefficients, all of which are expressed in the body 

system; 𝑄∞: represents the aerodynamic pressure 

and 𝑆𝑟𝑒𝑓: represents the reference aerodynamic 

surface, which is equal to the cross-sectional area of 

the projectile; Subtitle A: also represents 

aerodynamic forces and moments; Due to the 

changes in wind-body angles during the projectile 

due to the deformation of the body, the distribution 

of aerodynamic coefficients should be used instead 

of their constant values. In general, the relation for 

calculating aerodynamic loads is as follows  [8 :]  

(30) 

𝐶𝑥 = ∫ (𝐶𝑥𝛽
(𝑥)𝛽(𝑥) + 𝐶𝑥𝛼

(𝑥)𝛼(𝑥)) 𝑑𝑥
𝑙

0

+ 𝐶𝑥0
+ 𝐶𝑥𝑝

𝑝
𝑑

2𝑉

+ 𝐶𝑥𝛿
𝛿 

(31) 
𝐶𝑦 = ∫ (𝐶𝑦𝛽

(𝑥)𝛽(𝑥) + 𝐶𝑦𝛽̇
(𝑥)𝛽̇(𝑥)) 𝑑𝑥

𝑙

0

+ 𝐶𝑦𝑟
𝑟

𝑑

2𝑉
+ 𝐶𝑦𝛿𝑟

𝛿𝑟 

(32) 
𝐶𝑍 = ∫ (𝐶𝑧𝛼

(𝑥)𝛼(𝑥) +  𝐶𝑧𝛼̇
(𝑥)𝛼̇(𝑥))𝑑𝑥

𝑙

0

+ 𝐶𝑧𝑞
(𝑥)𝑞

𝑑

2𝑉
+ 𝐶𝑧𝛿𝑒

𝛿𝑒  

(33) 

𝐶𝑙 = ∫ (𝐶𝑙𝛼(𝑥)𝛼(𝑥) + 𝐶𝑙𝛽
(𝑥)𝛽(𝑥))

𝑙

0

𝑑𝑥

+ 𝐶𝑙0
+ 𝐶𝑙𝑝

𝑝
𝑑

2𝑉

+ 𝐶𝑙𝛿𝑎
𝛿𝑎 

(34) 

𝐶𝑚 = ∫ (𝐶𝑚𝛼
(𝑥)𝛼(𝑥)

𝑙

0

+ 𝐶𝑚𝛼̇
(𝑥) 𝛼̇(𝑥)) 𝑑𝑥

+ 𝐶𝑚0
+ 𝐶𝑚𝑞

𝑞
𝑑

2𝑉

+ 𝐶𝑚𝛿𝑒
𝛿𝑒 

(35) 

𝐶𝑛 = ∫ (𝐶𝑛𝛽(𝑥)𝛽(𝑥) + 𝐶𝑛𝛽̇(𝑥)𝛽̇(𝑥))𝑑𝑥
𝑙

0

+ 𝐶𝑛0
+ 𝐶𝑛𝑟

𝑟
𝑑

2𝑉

+ 𝐶𝑛𝛿𝑟
𝛿𝑟 

Due to the geometry and flight conditions, not all 

aerodynamic coefficients have the same effect and 

importance, and some coefficients such as:  𝐶𝑍𝛼̇ and 

𝐶𝑦𝛽̇
 can be compared with the role of coefficients. 

 𝐶𝑍𝛼 and 𝐶𝑦𝛽
 ignored; But in this regard, it is 

necessary to pay attention to the value of the wind-

body angle rates in comparison with their own 

value; Most aerodynamic moment coefficients are 

not independent coefficients and are obtained by 

integrating the force coefficients relative to the 

projectile’s C.G (relationships 36 to 38); In order to 

validation in calculations related to the distribution 

of aerodynamic coefficients, the integral obtained 

from the distribution of aerodynamic coefficients 

must be equal to their single values used in rigid 

body simulation. 
     Also, if the effects of angular velocities in the 

wind-body angular distribution is considered as 
𝑄𝑥𝑙

𝑉∞
 

and 
𝑅𝑥𝑙

𝑉∞
 then the aerodynamic coefficients: 𝐶𝑧𝑞

, 𝐶𝑦𝑟
, 

𝐶𝑛𝑟
 and 𝐶𝑚𝑞

 should be eliminate in aerodynamic 

load calculations, or by keeping them and remove 
𝑄𝑥𝑙

𝑉∞
 and 

𝑅𝑥𝑙

𝑉∞
 from the wind-body angle distribution. 

In order to calculation validation of the distribution 

of the aerodynamic coefficients, the integrals 

obtained from the distribution of aerodynamic 

coefficients must be equal to their single values, 

which are used in rigid simulations. 

(36) 
𝐶𝑙𝛼 = ∫ 𝐶𝑥𝛼

(𝑥)𝑥𝑙𝑑𝑥
𝑙

0

  &   𝐶𝑙𝛽

= ∫ 𝐶𝑥𝛽
(𝑥)𝑥𝑙𝑑𝑥 

𝑙

0

 

(37) 

𝐶𝑚𝛼 = ∫ 𝐶𝑧𝛼
(𝑥)𝑥𝑙(𝑥)𝑑𝑥

𝑙

0

  &   𝐶𝑚𝑞

= ∫ 𝐶𝑧𝑞
(𝑥) 𝑥𝑙(𝑥)𝑑𝑥

𝑙

0

  &   𝐶𝑧𝑞

=
2

𝑑
∫ 𝐶𝑧𝛼

(𝑥) 𝑥𝑙(𝑥)𝑑𝑥
𝑙

0
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(38) 

𝐶𝑛𝛽 = ∫ 𝐶𝑦𝛽
(𝑥)𝑥𝑙(𝑥)𝑑𝑥

𝑙

0

  &   𝐶𝑛𝑟

= ∫ 𝐶𝑦𝑟
(𝑥) 𝑥𝑙(𝑥)𝑑𝑥

𝑙

0

 &   𝐶𝑦𝑟

=
2

𝑑
∫ 𝐶𝑦𝛽

(𝑥) 𝑥𝑙(𝑥)𝑑𝑥
𝑙

0

 

The required aerodynamic coefficients are also 

calculated by using Missile Datcom (MD) software 

or Ansys-Fluent software with same meshing which 

is used to calculate the wind-body angle 

distribution; The distribution of coefficients and 

their integral values are confirmed in advance with 

the help of experimental wind tunnel test and the use 

of barometers in different parts of the body; The 

coefficients that are considered without distribution 

along the body are called rigid aerodynamic 

coefficients, like: 𝐶𝑙0, 𝐶𝑚0
, 𝐶𝑛0

, 𝐶𝑧𝑞
, 𝐶𝑥𝑞

 ,𝐶𝑙𝑟 ,𝐶𝑙𝑝, 

𝐶𝑦𝑝
 etc. These coefficients are largely independent 

of the distribution of wind-body angles and can be 

in called from look up tables of rigid (non-

distributive) values; As mentioned, other 

coefficients in aerodynamic moment (such as 𝐶𝑛𝛽
 

and 𝐶𝑚𝛼
) are also calculated indirectly by weighting 

from the distribution of the force aerodynamic 

coefficients relative to projectile’s C.G. according to 

relations (36) to (38).  

     In order to perform calculations related to 

aerodynamic loads (30) to (35) during simulation, 

the values of wind-body angle distribution α (x) and 

β (x) are replaced and multiply in the aerodynamic 

pressure and the reference surface area. The 

distribution of aerodynamic coefficients and wind-

body angles should be determined, depending on 

different flight conditions and the  body 

deformations at each time step of the simulation; 

This is a time-consuming process and impairs the 

real-time capability of the simulation; To solve this 

problem, the distribution of aerodynamic 

coefficients and their multiplication in expressions 

such as vibration modes (used in the calculation of 

generalized loads) are precalculated based on 

meshed geometry (Figure 3-a) and imported as look-

up tables in the simulation code; Therefore, 

according to the number of elements and vibration 

modes, the dimension of aerodynamic coefficient 

look-up tables is increased . 
     During simulation, required data only are called 

according to the element number, mode number and 

related aerodynamic conditions, including: wind-

body angles values, Mach and Reynolds numbers. 

This process is used in calculations of aerodynamic 

loads, generalized loads, and wind-body angle 

distributions; With this solution, the simulation 

execution speed (run speed) is significantly 

increased and the ability to execute real-time and use 

in projectile flight computer is provided. (Figure 3-

b.  

 
Figure 3-a  shows the meshing performed on the 

external geometry of the projectile in order to calculate 

the distribution of aerodynamic loads & equivalent 

wind-body angles. 

 
 

Figure 3-b  shows a section from the block diagram related to calculating of the angle-body distribution during flight 

simulation in which predefined values (yellow rectangular blocks) are used to reduce volume of running calculations 

and thus increase the simulation speed 
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Deflection of the propulsion due to body’s 

deformations  

Due to the presence of initial or inherent deflection 

(decentralization and angular deviation) as well as 

flexural deformation (transverse deformation and 

inclination at the exit of the propulsion), the 

components of the propulsion vector change, which 

ultimately creates unwanted forces and moments for 

the projectile; Inherent deviations in the propulsion 

can be considered as fixed or random values with a 

certain standard deviation, each of which can 

correspond to reality according to the conditions of 

simulation; In this study, a constant value is 

considered for the inherent error of the propulsion. 

The components of the propulsion vector due to the 

inherent deflection and deformation of the body in 

the position of applying this force to the body are 

calculated as follows: [9] 

(39) 

𝐹𝑇𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛

= {

cos 𝜃𝑇𝑥−𝑦
cos 𝜃𝑇𝑥−𝑧

sin 𝜃𝑇𝑥−𝑦
cos 𝜃𝑇𝑥−𝑧

−sin 𝜃𝑇𝑥−𝑧

}𝐹𝑇𝑟𝑢𝑠𝑡 

In the above relation, 𝐹𝑇𝑟𝑢𝑠𝑡: is magnitude of the 

propulsion vector, 𝜃𝑇𝑥−𝑦
 and 𝜃𝑇𝑥−𝑧

: respectively, 

represent the angles of deflection of the propulsion 

vector due to inherent and deflection cause by body 

deformation in 𝑥𝑦 and 𝑥𝑧 planes, which are 

calculated as follows : 

(40) 
𝜃𝑇𝑥−𝑦

= 𝜃𝐼𝑥−𝑦
 + 𝜃𝜂𝑒

𝜃𝑇𝑥−𝑧
= 𝜃𝐼𝑥−𝑧

+ 𝜃𝜉𝑒

 

In the above relation (𝜃𝐼𝑥−𝑦 , 𝜃𝐼𝑥−𝑧) and (𝜃𝜂𝑒
 , 𝜃𝜉𝑒

) 

represent the angles, respectively inherent deflection 

(from initial angular error) and elastic deflection 

(from body deformation) of propulsion in planes 𝑥𝑦 

and 𝑥𝑧; The elastic deflection angle is calculated as 

follows : 

(41) 

𝜃𝜂𝑒
(𝑡) = ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜂𝑖(𝑡)

∞

𝑖=1

𝜃𝜉𝑒
(𝑡) = ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜉𝑖(𝑡)

∞

𝑖=1

 

In the above relation 𝜙𝑖
̀

𝑥𝑡ℎ𝑟𝑢𝑠𝑡
 : represents the spatial 

derivative or slope of the mode shape function at the 

output location of the propulsion vector; By placing 

relation (38) in relation (47) and then in relation 

(46), the components of the propulsion vector due to 

inherent deviation and deformation of the body are 

obtained as follows : 

(42) 𝐹𝑇𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛
=

{
 
 
 
 

 
 
 
 cos(𝜃𝐼𝑥−𝑦

+ ∑𝜙𝑖
̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜂𝑖(𝑡)

∞

𝑖=1

) cos(𝜃𝐼𝑥−𝑧
+ ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜉𝑖(𝑡)

∞

𝑖=1

)

sin(𝜃𝐼𝑥−𝑦
+ ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜂𝑖(𝑡)

∞

𝑖=1

) cos(𝜃𝐼𝑥−𝑧
+ ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜉𝑖(𝑡)

∞

𝑖=1

)

−sin(𝜃𝐼𝑥−𝑧
+ ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜉𝑖(𝑡)

∞

𝑖=1

)
}
 
 
 
 

 
 
 
 

𝑇  

In order to calculate the moment due to the 

deflection of the propulsion, it is necessary to 

measure the position of the propulsion force relative 

to the current projectile’s C.G.; Obviously, due to 

the body’s deformation, the value of this vector 

changes during flight; The position vector of the 

propulsion relative to the C.G. is calculated 

according to Equation (40) at each instant of the 

simulation : 

(43) 𝑟𝑇𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛
 =

{
  
 

  
 

𝑥𝑡ℎ𝑟𝑢𝑠𝑡

Δ𝑇𝑥−𝑦
+ ∑𝜙𝑖(𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜂𝑖

∞

𝑖=1

Δ𝑇𝑥−𝑧
+ ∑𝜙𝑖(𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜉𝑖

∞

𝑖=1 }
  
 

  
 

 

In the above relation, 𝑥𝑡ℎ𝑟𝑢𝑠𝑡: is the position of the 

propulsion output vector relative to the center of 

mass, Δ𝑇𝑥−𝑦
 and Δ𝑇𝑥−𝑧

, respectively, are the inherent 

out-centering of the propulsion vector relative to the 

planes 𝑥𝑦 and 𝑥𝑧. Finally, by multiplying the 

position vector by the propulsion vector, the 

moment due to the deflection of the propulsion 

vector is calculated . 
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(43) 𝑀𝑇𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛
 = 𝑟𝑇𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛

× 𝐹𝑇𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛
 

The result of this multiplication, which produces the 

propulsion moment components due to the inherent 

deflection and deformation of the body, is as 

follows : 

(44) 𝐹𝑇𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛
=

{
 
 
 
 

 
 
 
 cos(𝜃𝐼𝑥−𝑦

+ ∑𝜙𝑖
̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜂𝑖(𝑡)

∞

𝑖=1

) cos(𝜃𝐼𝑥−𝑧
+ ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜉𝑖(𝑡)

∞

𝑖=1

)

sin(𝜃𝐼𝑥−𝑦
+ ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜂𝑖(𝑡)

∞

𝑖=1

) cos(𝜃𝐼𝑥−𝑧
+ ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜉𝑖(𝑡)

∞

𝑖=1

)

−sin(𝜃𝐼𝑥−𝑧
+ ∑𝜙𝑖

̀ (𝑥𝑡ℎ𝑟𝑢𝑠𝑡)𝜉𝑖(𝑡)

∞

𝑖=1

)
}
 
 
 
 

 
 
 
 

𝑇  

Block diagram of calculations related to the force 

and moment caused by the deflection of the 

propulsion is shown in the following figure : 

 
(4-A) 

 
 

(4-B) 
Figure 4  Blocks related to calculations of elastic deflection of propulsion & control surfaces (a); Block diagram of 

calculating forces and moments due to propulsion deflection(a), elastic deflection of control surfaces (b). 
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Orientation and positioning 

By transferring angular velocities from the body to 

the inertia coordinate and then integrating from 

them, the position and orientation of the projectile 

can be obtained during flight; The initial value of the 

Euler angles is determined by the initial flight 

conditions; Angle velocities are placed based on 

Equation (21-23), which includes both rigid and 

flexural body expressions, so at Euler angles there is 

the effect of deformation of the structure, hence its 

value in rigid projectile simulations. Flexibility can 

vary Euler angles values, as shown in the results 

section (Figure 5); Incidentally, this is one of the 

important effects of aeroelasticity on the flight path 

of the projectiles. 

(45) {

𝜙̇

𝜃̇
𝜓̇

} = [

1 𝑠𝑖𝑛 𝜙 𝑡𝑎𝑛 𝜃 𝑐𝑜𝑠 𝜙 𝑡𝑎𝑛 𝜃
0 𝑐𝑜𝑠 𝜙 −𝑠𝑖𝑛 𝜙
0 𝑠𝑖𝑛 𝜙 𝑠𝑒𝑐 𝜃 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃

] {
𝑃
𝑄
𝑅
} 

Where the quantities (𝜙̇ 𝜃̇  𝜓̇ ) represent the rate of 

Euler angles; However, in simulations, due to 

problems with Euler's angle calculations, quatrains 

are used for orientation calculations, the description 

of which is beyond the scope of this article . 

Modeling, simulation and validation 

Flight equations modeling has been done in 

Simulink environment of MATLAB software, 

which uses its capabilities such as: look up tables, 

display tools, input and output monitoring tools, 

coding blocks, module writing, etc. Simulation 

validation And the input\outputs observation of 

different parts of the simulation is easier by 

Simulink; In the software model, the different parts 

of the code are separated into blocks with specific 

names; Software blocks include blocks: dynamic 

equations, environmental conditions, aerodynamic 

loads, wind-body angles, forces and moments, 

generalized loads, stability criteria, dynamic stresses 

and strains; The following figure shows a section of 

the home page of a flexible projectile flight 

simulation software that some pointed blocks is 

observable. 

 
Figure 5 Displays a section of the blocks of home page of flexible projectile flight simulation software; Blocks of 

equations of motion and orientation, calculation of aerodynamic loads, effect of propulsion’s deflection, generalized 

loads and the resultant of forces and moments are known. Each of these blocks also contains a large number of block 

diagrams, look up tables, and interface codes. 

Software and simulation validation are considered in 

several areas; As validation of input parameters can 

include the validation of aerodynamic coefficient 

distribution, mass distribution, stiffness, natural 

frequencies and vibration modes; Regarding the 

validation of aerodynamic coefficients As described 

above, the integral of the force coefficient 

distribution and its torque integral around the center 

of mass must be equal to the aerodynamic 

coefficients in the rigid state; The following figure 

shows the distribution of vertical bending 

coefficients in terms of different attack angles along 

the structure that its integral and torque relative to 

the center of mass of each must be equal to the 

number of vertical bending coefficient and the 

corresponding aerodynamic torque coefficient in the 

rigid geometry model. The 
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Figure 6 shows the distribution of vertical bearing 

coefficients in terms of different attack angles along the 

structure. 

Structure frequencies and shape modes are 

determined by numerical methods (in this paper by 

Galerkin’s Method) and validate by modal tests; 

Code validation is also discussed in the areas of 

implementation of equations of motion, orientation, 

flight path, calculation of aerodynamic and 

generalized loads; The equations of motion, 

orientation, flight path, and aerodynamic loads are 

determined by using standard flight tests and 

comparison with rigid projectile simulation; The 

validation of generalized coordinates is also 

measured by airborne vibration sensors, in which 

case the frequency and amplitude of the generalized 

coordinates obtained from the simulation must 

match the number measured from the airborne 

sensors in amplitude and frequency. 

     It is necessary to mention, in following results, 

flexibility of aerodynamic surfaces is not modeled; 

It also is assumed that the structure has a reasonable 

thickness to withstand the loads on the structure, that 

is, the rupture does not occur due to exerted loads. 

Results & Discussions 

Based on the extracted equations of motion for 

flexible projectile, it is possible to guess: structure 

thickness which can also represent the structure's 

natural frequency , the curve function of the thrust 

force (assuming the specific impact is constant), 

initial error in thrust force (deflection and out-

centering), angular velocities, velocity of the 

projectile especially when the propulsion is 

switched off and control commands etc. can be 

effective in differentiating the results of flexible 

projectile simulation with rigid type.  

     Thrust vector moment occurs due to inherent 

deviation, deformation of the structure or both; In 

the rigid simulation, If  is considered the propulsion 

vector have no inherent or initial deviation (like 

deviation and out-centering), the moments and 

lateral forces resulting from the propulsion deviation 

are zero, however in the flexible projectile 

simulation is not zero due to lateral deformations of 

the structure; Under normal conditions, due to small 

amount of the transverse loads on the projectile, the 

deformations and deviations of the structure at the 

outlet of the thrust force are negligible, so it is 

expected that the amount of the generated moments 

and therefor the difference between the rigid and 

flexible projectile simulations be little.  
     Thrust deviations caused by inherent deviations 

or structure's deformations due to lateral loads or 

both; if there is no initial deviation in thrust force, 

often amount of the exerted lateral forces on the 

body is low and therefor the results of two 

simulations are almost coincident (Figure 7); 

Although there is a slight difference in the flight 

path; It is obvious that the amount of lateral loads 

depends on aerodynamic factors (aerodynamic 

pressure and geometry), guidance and control 

commands and the inherent deviation of the 

propulsion. It can be said that in the ballistic flight 

where the projectile is simulated with no guidance 

commands, the main factor that causes the 

difference between the results of the two simulations 

is due deviations of the of propulsion which its 

effects is more than the effects of velocity and 

aerodynamics pressure. 
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Figure  7 Wind-body angles and linear acceleration in the body frame coordinate in simulations of rigid and 

flexible projectile (in the absence of thrust vector moment due to body deformation, little difference is seen in the 

results). 

A)  Simulation of rigid and flexible projectile by 

considering the moment of the thrust vector due 

to body deformation  

In this case, considering the moment generated due 

to the deformation of the body at the position of the 

nozzle outlet,  the difference between the results of 

the two rigid and flexible projectile simulations with 

each other is became more obvious; The differences 

between two simulations can be seen, at least 

momentarily, even in situations where the stiffness 

of the body is high, due to the great magnitude of 

propulsion force (Figure 8); By the way, since the 

projectile is modeled as a ballistic launch vehicle 

without any external stimulation, the created 

vibrations and induced lateral accelerations are 

damped due to the structural depreciation and flight 

stability of the projectile and finally two simulations 

will match to each other . 

  

Figure  8 Wind-body angles and linear acceleration in the body coordinate system in simulations of rigid and 

flexible projectile (Because of deviation in thrust vector and body deformation & vibration), two jumps observe in 

transverse acceleration in moment of turning on and off the propulsion) . 
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As can be seen from Figure (9), increasing the initial 

velocity decreases the transverse acceleration in x-y 

plane of the projectile due to increase of axial 

momentum and then it’s stability when the 

propulsion is turned on and increases when it is 

turned off; Increasing the initial velocity has tripled 

the amount of transverse acceleration of the 

projectile at the time of shutdown; It should be 

noted, however, that these changes also depend on 

the aerodynamic geometry, distribution of 

aerodynamic coefficients, and stiffness along the 

projectile structure. 

  

Figure 9  Values of linear acceleration in the body in simulations of rigid and flexible projectile for two cases of 

𝑽𝟎 =  𝟏𝟎
𝒎

𝒔
 (right) and 𝑽𝟎  =  𝟏𝟎𝟎𝟎

𝒎

𝒔
 (left) when the propulsion turns on . 

As can be seen from Figure (10), increasing of the 

velocity at time of thrust becomes on, increases the 

transverse acceleration due to the shutdown of the 

propulsion; However, the low speed at the moment 

of applying the propulsion has caused more initial 

deviation (because of little amount of the 

momentum in x_B direction), which has ultimately 

resulted in a greater miss in the trajectory and lower 

collision accuracy or CEP; Although the range of the 

projectile has increased due to the increase in the 

initial velocity. It should be noted that this initial 

velocity related to stage of projectile, velocity of 

launching board or just as conceptual design and 

evaluating criteria. Also, this increase in velocity is 

to be increased to such an extent that, after the 

propulsion is completed, the velocity of the 

projectile is somewhat less than the velocity of the 

flutter instability.  
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Figure 10  Values of linear acceleration in the body coordinate in simulations of rigid and flexible projectile 

for two cases of 𝑽𝟎 =  𝟏𝟎
𝒎

𝒔
 (right) and 𝑽𝟎  =  𝟏𝟎𝟎𝟎

𝒎

𝒔
 (left) when the propulsion turns on . 

B) Changing in Propulsion curve function by 

keeping specific impulse (Isp) constant  

The curve and timing of the propulsion force can be 

changed to investigate the role of the propulsion 

model. It is predicted that by decreasing the 

propulsion burning time while it’s Isp, is constant, 

the effects of aeroelasticity such as induced 

transverse accelerations, unwanted angular 

velocities and directional angles, and the elastic 

portion of the wind-body angles will increase, 

especially when the rocket motor is switched on or 

off. However, the difference in flight paths and the 

miss distance cannot be easily judged, because the 

structure's natural frequency increases due to tensile 

axial force at most length of the projectile cause by 

burning of the propellant; But at least it can be said 

that the amount of difference between the two 

simulations of rigid and flexible projectiles 

increases in the same time interval of the simulation; 

furthermore reducing the burning time will result in 

a maximum velocity at a lower altitude and therefore 

increase the aerodynamic pressure as one of the 

important factors in the occurrence of aeroelastic 

instability. 

  
Figure 11  Linear Acceleration in body frame coordinate in simulations of rigid and flexible projectile for two cases 

𝑽𝟎 = 𝟏𝟎 
𝒎

𝒔
 (right) and 𝑽𝟎 = 𝟏𝟎𝟎𝟎 

𝒎

𝒔
 (left) Assuming the propulsion time is halved . 
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Figure 12  Flight path (Trajectory) in simulations of rigid and flexible projectile for two cases 𝑽𝟎 = 𝟏𝟎 
𝒎

𝒔
 (right) and 

𝑽𝟎 = 𝟏𝟎𝟎𝟎 
𝒎

𝒔
 (left) Assuming the propulsion time is halved . 

C) Investigating the effect of rolling command 

As seen in the flexible projectile equations of motion 

(Equations 21 to 25), the angular velocities have a 

direct role in increasing the effects of flexibility on 

the flexible projectile dynamics, so it is expected 

that differences between two rigid and flexible 

simulations increase.  

 Since the value of the angular velocity around the 

longitudinal axis (rolling angular velocity) is often 

greater than the other two angular velocities 

(pitching and yawing), is used a stable rolling 

velocity by means of a constant deflection of the 

control surfaces to investigate this; It is expected 

that if the rolling velocity exceeds a certain quantity, 

it can cause aeroelastic instability of the projectile, 

which can be seen in the figure (Figure 15) in the 

divergence of the values of the wind-body angles; 

According to (Figure 13), the increase in 

aeroelasticity effects due to the rolling velocity has 

caused a difference in the values  of the pitch and 

yaw angles in the two simulations of rigid and 

flexible projectiles. In the no-roll mode (Figure 13 

on the right), the value of the projectile roll angle 

was constant during flight time and the difference 

between the results of the two simulations was due 

to the effects of inherent and deformation-related 

deflection of the propulsion. 

 
 

Figure 13  Euler’s angles in two simulations of rigid and flexible projectile for two cases: without roll command and 

stable (right) with roll command and unstable (left) . 

As can be seen in (Figure 14), the aileron command 

increases the lateral acceleration exerting to the 

structure, which is not seen in rigid simulation of the 

projectile; due to increasing in amount of the 

induced wind body angles and finally increase the 

aerodynamic loads on the structure; In addition to 
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these, the fact that more deformations of the 

structure, the amount of transverse loads due to the 

deflection of the propulsion vector also increases . 

  
Figure 14  Linear Acceleration on body coordinate in two simulations of rigid and flexible projectile for two 

cases: without roll command and stable (right) with roll command and unstable (left) . 

As can be seen in (Figure 15) for the case where the 

angular velocity of the projectile is zero or 

insignificant, there is no significant difference in the 

values of the wind-body angles (right); However, 

with the presence of angular velocity, the difference 

between the wind-body angles of the two rigid and 

flexible simulations has increased, so that if it 

increases too much, it will cause divergence and 

instability in flight situation. 

 

 
Figure 15  Wind-body angles in two simulations of rigid and flexible projectile for two cases: without roll command 

and stable (right) with roll command and unstable (left). 

One of the cases that occurs during aeroelastic 

instabilities of flexible projectiles is the increase of 

the contribution of the elastic portion of the wind-

body angles and divergence in its amount; In most 

cases when the projectile is stable, the contribution 

of the expressions resulting from the deformation 

(elastic portion) is insignificant compared to the 

rigid portion of the wind-body angles; As instability 

tends to occur, deformations of the structure i.e. 

generalized coordinates increases, therefore the 

contribution of the elastic component increases and 

overcomes the rigid portion and eventually goes 

toward divergence. 
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Figure.16  Rigid and elastic portion of wind-body angles for elastic projectile With First Mode 12Hz without 

roll command in stable state (right) and with 𝟐° Aileron command and in instable position (left ) . 

Conclusions 

As shown in this study, the effects of structural 

flexibility are usually significant for projectiles with 

a slenderness ratio greater than 15, therefore they 

have low body’s natural frequency (less than 20 Hz); 

In a conventionally designed projectile with a 

slenderness ratio of less than 15, aeroelastic effects 

seldom cause flight instability; Because in practice, 

due to the large natural frequency, lack of control 

commands and low wind-body angles, small angular 

velocity, aeroelasticity only changes the flight 

quantities and changes the range and accuracy of the 

projectile, not cause to instability; In such cases, the 

only important factor in projectile instability is the 

inherent deflection and decentering of the 

propulsion vector, In the presence of flexibility, its 

effects can be intensified; In this regard, it was 

shown that by increasing in structure's flexibility 

and value of the initial error in thrust force (either 

from out-centering or deflection), differences 

between rigid and flexible projectile simulations 

increase; In this regard, the effect of body 

deformation on intensify of inherent deflection of 

propulsion as well as on the stability and flight 

conditions of the flexible projectile were evaluated. 

It was also shown that rigid simulation lacks the 

ability to investigate the effects of the propulsion 

vector curve and the natural frequency of the 

structure on flight stability; Also, the effects of 

rolling angular velocity on increasing the share of 

flexibility-dependent quantities and the difference 

between the results of two rigid and flexible 

projectile simulations was shown; 

 It also was shown that with the help of simulation 

tool, the flight behavior of the aircraft can be 

reviewed on some design inputs such as stiffness 

distribution of structure, curve of the thrust force and 

its inherent deviation & out-centering, flight speed, 

spinning velocity etc.; then used these results to 

optimize design parameters before field tests. it was 

shown that spinning velocity, body stiffness (natural 

frequency) and the inherent values of deflection and 

out-centering of the thrust force have a major effect 

on the stability of the projectile and with the help of 

simulation one can find suitable range for each of 

them according to the design goals and using them 

to extract the system requirements. 
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