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In this paper, the effects of different rotational speed functions in the elastic-plastic
deformation and stress analysis of a rotating annular thin disk of functionally graded material
(FGM) in Reddy model is studied using the analytical and FEM methods. In this regard,
differential equations governing dynamic equilibrium for displacements and stresses in the
elastic region of the FGM rotating disk have been derived using the theory of elasticity in plane
stress condition and have been solved by the shooting method. Then, the equations governing
the distribution of plastic radial and circumferential stresses on the disk have been extracted
using the Prandtl-Reuss theory of plasticity and based on the Ludwig hardening law in
conjunction with the von Mises yield criterion. Also, by modeling the annular thin disk in the
environment of finite element software ANSYS, the results obtained from the elastic analytical
solution and the finite element numerical solution have been compared to each other and to the
results reported in the literature for specific cases and validated accordingly. The effects of
variation of the disk geometric parameters, functionally graded material power index as well
as different type of the time-dependent rotational speed functions such as the constant speed,
exponential, and accelerated/decelerated linear, quadratic, and square root functions on the
elastic behavior of the disk and distribution of radial displacement, and also distribution of
radial, circumferential, and shear stresses on the disk have been studied. Moreover, the results
of plastic analysis have been presented for distribution of radial and circumferential stresses
on the disk.

Keywords: Annular FGM rotating thin disk, Accelerated/decelerated rotational speed,
Elastic-plastic analysis, Ludwig hardening law, von Mises yield criterion.

materials, and functionally graded materials
(FGMs). Since the rapid development of
technology requires the use of new materials as a

Introduction

Nowadays with the development of research
works and new technologies, the recognition and
use of new materials in industries has been more
important. In this regard, industrial and academic
research have given special attention to the
recognition, production, and development of new
materials including composite materials, shape
memory alloys, piezoelectric materials, nano
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priority of engineering in complex systems with
high efficiency, the use of functionally graded
materials has increased in recent years. The
application of these materials has received more
attention in the missile industry, the aerospace
industry in gas turbines, reactors, and in other
cases where the high strength, low density, and
thermal resilience of material are of great
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importance. Rotating disks are widely used in
rotatory equipments. These spinning disks
experience different speeds in actual operating
conditions during start-up, shut down, full load, or
partial load operations. Therefore, during
operation in a steady or transient state, they have
different levels of generated stresses and dynamic
behaviors accordingly. Also, due to high stress
levels arising from mechanical or thermo-
mechanical loading involving the centrifugal
force, stress beyond the elastic limit can be created
in them. Therefore, it is important to investigate
and to analyze the elasto-plastic behavior of the
FGM rotating disk. In the field of elastic analyses
of the FGM rotating disks, we can refer to
references [1-10]. Moreover, a number of research
works conducted in the field of rotating disk
analysis have been investigated in the following.
The 3D elastic behavior of the FGM rotating disk
investigated in [11]. By extending the 2D plane
stress problem to a three-dimensional problem,
they showed that the plane stress solution satisfies
all of three dimensional equations governing the
motion of disk but it is not able to yield any results
in an adaptive 3D strain field. In [12] and [18], the
elasto-plastic stress behavior of the FGM rotating
disks with constant rotating velocity has been
analyzed. In these studies, the yielding behavior of
the disk is considered without any hard working
process on the material. It was considered the
modulus of elasticity, density, and yield strength
as a power distribution function and different
rotating velocities to examine the distribution of
plastic regions was used. Then, the distribution of
radial and circumferential stresses in the rotating
disk determined. In [13] and [14] the elastic
analysis of orthotropic disks made of functionally
graded materials was studied and the effects of
orthotropic feature and corresponding changes on
the elastic field, particularly the distribution of
circumferential stresses created in hollow rotary
disks with constant rotating velocity has been
investigared. The analysis of the thick rotating disk
with variable thickness and with the varying
properties of functionally graded material in 2D
state was conducted in [15]. In [16], the exact
solution of the elastic-perfectly plastic
deformation of the solid rotating disk made of
functionally graded material was investigated. A
semi-analytical solution for stress-strain equation
based on the von Mises non-linear yield criterion
according to the rules of yielding on the disk was
obtained. The solution was obtained for a rotating
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disk containing a plastic core. In [17], the elasto-
plastic behavior of a rotating disk made of
functionally graded material has been studied.
Using closed form and exact solution of the
problem, the elasto-plastic  strain  and
displacements of a FGM rotating disk based on the
elastic-perfectly plastic model and Tresca yield
criterion was obtained. Elastic analysis for
displacement and stress distribution in a FGM
rotating circular disk with a variable angular speed
was studied in [18]. The elastic modulus and the
rotating disk density considered as variable
parameters along the radius of the disk and
proportional to the volume fraction of materials.
The motion equations of the FGM rotating circular
disk had been simplified into boundary value
problem of ordinary differential equation and were
solved using the shooting method. Numerical
results show that the functionally graded index,
angular speeds, and geometric shape all have
significant effect on the mechanical behaviors of
the rotating FGM circular disk. Elastic—plastic
stress analysis of FGM disks subjected to constant
angular velocity investigated in [19] considering
yielding behavior of the disk material follows to be
non-work hardening case. Elasticity modulus,
density and yield strength of the disk vary radially
according to a power law function. Radial and
tangential stress components are obtained for
angular velocities and gradient parameters with
different values. Stress analysis in FGM disks with
non-uniform thickness and variable angular
velocity has been studied in [20]. Elastic-plastic
analysis of pressure vessels and rotating disks
made of functionally graded materials using the
isogeometric approach has been analyzed in [21].
It is assumed that the material plastic deformation
follows an isotropic strain-hardening rule based on
the von Mises yield criterion. Numerical solution
of thermal elastic-plastic functionally graded thin
rotating disk with exponentially variable thickness
and variable density has been investigated in [22].
In the present study, the elastic-plastic deformation
and stress analysis of an annular disk of
functionally graded materials (FGM) s
investigated using analytical method. The
properties of FGM are assumed to be varied by a
power distribution continuous function in the
Reddy model along the disk radius and do not
change along the disk thickness. Also, rotational
speed is considered as time-dependent variable
functions, such as constant velocity function,
exponential ~ function, accelerated/decelerated
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linear function, quadratic function, and square root
function. In this regard, using differential
equations of dynamic equilibrium, the equations
governing the elastic displacements and stresses of
the FGM rotating disk are derived using the
elasticity theory in the plane stress state and are
solved by the shooting method. Then, using the
Prandtl-Reuss theory of plasticity and based on
Ludwig hardening law via von Mises yield
criterion, the equations governing the distribution
of radial and circumferential plastic stresses in the
disk have been derived accordingly. The effect of
changes of the geometric parameters of the disk,
the power index of functionally graded material
and rotating velocity function is investigated in
radial displacement and radial, circumferential,
and shear elastic stresses as well as radial and
circumferential plastic stresses in the rotating disk.
Also, by modeling the annular disk, applying
boundary conditions and mechanical properties,
meshing, applying initial conditions in the
environment of finite element software ANSYS,
the results of numerical solution obtained using the
finite element method (FEM) and the obtained
results from elastic analytical and numerical
methods are compared to each other and to the
results reported in the literature for special cases of
the problem. It should be pointed out that the more
contribution and significant advantages of this
paper are to present some results that have not been
reported in the earlier published papers.

Modeling and deriving the governing
equations in the elastic and plastic
regions of the annular rotating thin disk

In Fig. 1, the annular hollow disk made from
functionally graded material with inner radius a
and the outer radius b has been shown in the
cylindrical coordinate system Orfz where O is the
origin of coordinate system and r, 6, and z are the
radial,  circumferential, and  longitudinal
coordinates, respectively. It is assumed that the
disk rotates around the longitudinal axis z with an
arbitrary angular speed function of time t, i.e., w(¥).
It is also assumed that the properties of FGM disk
including elastic modulus E(r), density p(r), and
yield stress o,(7) are varied continuously in radial
direction. Also, the Poisson’s ratio v is assumed to
be constant.
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Fig. 1: The FGM rotating annular thin disk and the
cylindrical coordinate system r6z

The properties of functionally graded material, P,
using Reddy model are considered as a power
function (with the power or index of functionally
graded material ») with volumetric distribution in
Eq. (1), where, P, and P. are the physical
properties of metal and ceramic, respectively [19].
Also, V,, and V. are the volumetric distribution of
the ceramic and metal materials, respectively,
which vary with a power function [18]
P=PV.+PV, .

V.4V, =1V, = (1

The general, property P, which indicates the
variation of the physical properties such as
elasticity modulus, density, and yield stress in »
direction can be rewritten as follows

P=11[1—<Z )]+P(’ Z),

@

E)

Dynamic equilibrium equations

By neglecting the gravitational force, only body
forces are applied in the form of the radial
centrifugal force £ =p(r)r.w(t)’ and the

da)(t)

circumferential force 1= on the

-p(r)r———=

rotating disk. Due to the fact that the dlSk radius is
much larger than its thickness (R >> ¢), for the
plane stress state, the disk dynamic equilibrium
equations in radial and circumferential directions
are as follows [18, 19, and 20]

00,(r1) , 97, (r.0) AGORAGH,
or ro6 r 3)
+p(P)ro(t)* =0,
00, (r,t) N 0t,,(r,1) N 27,,(7,1)
roé or r
do(t) —o,
dt

4)
—p(r)r——=
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where o,, 09, and 1,9 are radial, circumferential, and
planar shear stresses, respectively.
Strain-displacement equations

The strain-displacement equations are as follows
[18, 19, and 20]

gr(r’t):M’ (5)
or
u,(r, t) 1 0u,(r.0)
== g ©)
_Lou,  oup
Vro = réd or r’ )

where &, &, and 1y are radial strain,
circumferential  strain, and shear strain,
respectively. Also, u, is the radial displacement
and up is the circumferential displacement in the 70
plane.

Stress-strain equations

The plane stress-strain equations are as follows
[18, 19, and 20]
ou,(r,1) t)

70 or %)
gg(r,z):MjL%%y o
"o 5% aal_l:_uTg’ (10)
where

cl=$’62=1—1v2 (1)

In these equations, E(r) is the elastic modulus that
varies along the disk radius; ¢; and ¢, are the
constant coefficients in terms of the Poisson ratio
v. According to the axisymmetric condition of the
rotating disk, the displacement of the disk is
independent of the angle # and depends only on the
radial coordinate of the disk, », and time ¢, i.e., and
= ulr, t) and up = uo(r, t). By substituting Eqs.
(5) to (7) in Egs. (8) to (10) and noting that
derivation with respect to 6, i.e., 6()/06=0,
planar stress-displacement equations can be
expressed as follows

Ou, ¢ ou

o, =E(r)(c, ’+c2§+ 9), (12)
. . c 6u
=E(r)(cla—r'+c27’+ =2 a;) (13)
¢, —¢ 10u, Ou,
=24 ——+———, 14
o=y O Se t T) (14

Then, by substitution of Egs. (12) to (14) in
equilibrium Egs (3) and (4) and by carrying out
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differentiation, the dynamic equilibrium equations

governing the displacements in radial and

circumferential directions are rewritten as follows
F(r),au, , F(r) K@)

F(r) '+[F()+ P el b ;2 T,

[F(r) Fi(r) F(r)]
r r 2r? (15)
E(r)+E(r), 0%u, F,(r)—F(r),d%u,

[7] ===

2r orof 2r o0

+ro* () =0,

[Fl(r)+F}(r)]62u,v+[F(r) (), 3R~ F(r), o,
2r orof 2r 27 6:9

G [F(r) F(r)]aug
r 86* 2 or?

NG F(r)+F;(r)—F1(r)]% (16)

2 2r or

F(=Fy(r) | F()= F(r) L do@) _

= 22 a T

in which

F(r)=c¢

+

E(r) F(r) = ¢, dE(r)
p(r) 0 p(r) dr e
Fi(r)=—2 ¢, dE(r) (an

r)
) p(r) dr

>

F(r)y=c,—— Er
pr

Solving the governing equations of the
rotating disk

In order to resolve the equations (15) and (16),
governing the radial and circumferential
displacements of the disk, the method of
separation of variables is applied, in which the
time-dependent displacement function is defined
as the multiplication of two functions R(r) and 7(¢),
it means that [18, 19, and 20]

u,(r.t) = R, (r)T,.(1), (18)
ug(r,t)=R6,(r)T9(t), (19)
In this paper, it should be noted that the angular
speed function governing the rotation of the disk is
considered as an arbitrary function with constant
value angular speed, decelerated exponential
function, accelerated/decelerated linear function,
accelerated quadratic function, and accelerated
square root function. Without losing the generality
of the solution method, this method is illustrated in
an example in which an exponential function is
considered for the angular speed of the disk as [18,

19, and 20]

o(t) =™, 0,A=cte., (20)
Also, to eliminate the time variable ¢ in the
equilibrium equations of the disk (equations (15)
and (16)), the equations 7.f) and Ty(f) are
considered as follows

T.(t)=e>", (1)
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T,(tH)y=e", (22)
Now, by substituting equations (18) to (20) in the
dynamic equilibrium equation governing the radial
and circumferential displacement of the disk
(equations (15) and (16)) and after simplifying the
obtained equations, the general form of the BVP

governing equations are obtained as follows [18
and 19]

R'(MN+g (MR (N+g,(NR (1) =g,r), (23)

R (1 +g,(NR,/ (N +gs(NR,(r)=g,(r), (24)
where

gl(r){ﬂ(rhl} gz(r):%[ﬂ(r)—l},

B r B

gs(r)— F;(}’)’ 84(1’) F;(,,)_F;(r)"—r’ (25)
_MEO-EEO) 1] )2,

5(r)_r[F1(r)—Fs(r) r}gsm R =F(r)

It is to be noted that in Eqgs. (23) and (24), prime
superscripts over any parameter indicate the
derivative to the radial coordinate to the same
order. For solving equations (23) and (24),
shooting method is used so that each of the
boundary value equations (BVP) is converted to
the three initial value equations (IVP) governing
the functions Ri(r), Rx(r), and Ro(r), the linear
combination of the solutions of these three
equations is the final solution of equations (23) and
(24). So, to solve Eq. (23), we have

R (1) +g,(MR (1) +g,(r)R (r)=0,

(26)
R(a)=1, R'(a)=0,
R'(r+g QR;(r) +g,(NR,(r) =0, o7
R(a)=0, R/ (a)=1,
R (") +g,("R,) (r)+ g, (" R,(r) = 2,(r), o8)

R,(a)=0, R, (a)=0,
where the answer to Eq. (23) is as follows

R (r)=sR(r)+s,R(1)+R,(7), 29)
It should be noted that the numerical coefficients
of s1 and s» are obtained from the governing
boundary conditions of the rotating disk. Also, to
solve Eq. (24), the following three equations are
considered

R"(r)+g,("R(r) +g(r)R () =0,

(30
R(a)=1, R'(a)=0, )
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R (r)+g,(nR, (r)+ g, ("R, (r) =0,
R,(a)=0, R/(a)=1,

R (r)+g,(NR, (r) + g(NR,(r) = g (),
R,(a)=0, R)(a)=0,

The solution of Eq. (24) is obtained as a linear
combination of solutions of equations (30) to (32)
as follows

Ry(r)=s5;,R(r)+5,R,(r)+R,(7), (33
where numerical coefficients of s; and ss4 are
obtained from the boundary conditions governing
the rotating disk.

Boundary conditions governing the
rotating disk

It is assumed that the displacement in the inner
radius a, and the stress in the outer radius b is zero.
It means

=0,0,

u =0, (34)

5= 0, (35)

By substituting boundary conditions (Eq. (34)) in
equations (12), (14), and (18), boundary conditions
are achieved for Eq. (23) as follows

R (@)=0. ;R (5)+ R (5)=0. (36)

r=a

u,|,_,=0,0,

r=a

By combining the boundary conditions (Eq. (36))
and Eq. (29), and by solving the equations with
associated  initial  conditions  numerically
(equations (26) to (28)) in order to obtain the

values Ri(b), R'(b), Rx(b) and R'(b), the

numerical coefficients of s; and s, in Eq. (29) are
calculated as follows

e,k (6)+ L R(B)ls, +[e, R, (b)+ L Ry (b)s,
b b a
(37)
=R/ (B)+ LR (b). 5,=0.
With this method, by applying the rotating disk
boundary conditions (Eq. (25)) to equations (12),

(14), and (19), the boundary conditions of Eq. (24)
are defined as follows

R,(a) =0, cﬁ’(b)—@ ~0, (38)

By combining the boundary conditions (Eq. (33))
and Eq. (38) and by solving the equations with
associated  initial  conditions  numerically
(equations (30) to (32)) in order to obtain the

values Ri(b), R/(b), Ro(b) and R, (b), the
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numerical coefficients of s3 and s4 in Eq. (33) are
calculated as follows

(R (®) —%}sz R, (b) —%}a
(39)
=R/ (b)+ R°b(b), 5, =0,

Therefore, functions R, and Ry, are calculated.
Then, functions u«r, ) and ue(r, t) in equations
(18) and (19) are defined and obtained. In the
following, radial stresses o.(r, t), circumferential
stress og(r, t) and shear stress tzo(r, f) are
determined from equations (12) to (14). It should
be noted that the equations governing the
displacement and stress obtained through the
analytical method are solved numerically using the
shooting method with the help of the codes
developed in the MATLAB mathematical
software. Also, the finite element modeling is
performed by writing a subroutine in the ANSYS
software environment.

Equations governing the plastic
region of the rotating disk

The von Mises criterion

The von Mises yield criterion is applied for
evaluating the plastic behavior of the rotating disk.
According to the assumption that the disk radius is
much larger than the disk thickness (R >> ¢), for
the understudied plane stress problem, the
deviatoric tensor is expressed as follows [5, 19, 21,
22,24, and 25]

6 0
[s,;,l{a’o . &} (40)
6=[o,+0,]/3, (41)

where & is hydrostatic stress. The yield criterion
of the von Mises is written as an indicial form
equation in terms of the deviatoric stress tensor as
follows

O Z\I%Sz‘isfv , (42)

By substituting Eq. (40) in Eq. (42), the von Mises
yield criterion is rewritten as
0., =y3/2)c,-6)c,-6)=

J@/2)o, (0, +0,) /3]0, — (0, +0,)/3]  (43)

_ 2 2
=,\Jo’+0,-0,0,,
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The Prandtl-Reuss equation

The Prandtl-Reuss equation is stated as follows [5,
19,21, 22,24, and 25]
de; =S,dA, (44)

where d/ is a non-negative scalar quantity. Using
the above equation, the equations governing the
change of plastic strain dg/, along the radial

direction (de!), circumferential direction (dg) )
and along the thickness (d¢.” ) of the rotating disk
are expressed, respectively, as follows

de? = %dl(a,, -%)- %dﬂ(za, —o,), (45)

o, 1
2’ )= 561%(265 -0,), (46)

dej =§d/1(0'9 -

de? =2 dil-5 (0, + 0, =3 dAo, 43, (47)
And the differentiation of the equivalent plastic
strain d oy in terms of the strain differentiation in
three directions, is stated as follows

de, =~2/3,|de] de;,

=2/3(de!)? +(del ) +(ds’ ),
From the substitution of equations (45) to (47) in

Eq. (48), and also due to the non-variable nature of
the volume in plastic strain mode (i.e.,

del +del +del’ =0), the quantity di is
calculated as follows
de,, = 254420, -0, )F +[5dA20, -0,

(48)

+Ho1 i, +o, )

= {%[éd}f@af +0,.—40,0,+40,+0.° (49)

-d40,0,+0’+0, +20,0,)]}""

. d
[ a2 (60 +60, ~60.0,)]? = di=> T
27 2 o

v

By substituting value obtained for d/ from Eq. (49)
in equations (45) to (47), the terms relating to the
plastic strain differentiation in three directions are
rewritten as follows [5, 19, 21, 22, 24, and 25]

1

€,y

g = , (o, —5%% (50)

g =" (ag—lar), (51)
o, 2

gr =ﬁ(ar +0,), (52)
o,

y
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Equation of Ludwig hardening law

The relation between stress and strain using the
Ludwig equation is
c=0,+He", (53)
where H is the strain hardening rate, o, is the
yielding stress of material, and » is the material-
dependent parameter. The relationship between
the yield stress and the equivalent plastic strain is
expressed as [5, 19, 21, 22, 24, and 25]

O-ec -0, 1/n
Eog = (T) , (54)

By substituting Eq. (54) in plastic strain equations
(50) and (51), it is obtained that

. o
g = 7 (O _O-y)l/ (o, _79)’ (55)
eq
1 1/n o,
gl = W(o—eq -0,)" (0o, —7), (56)
Also, the elastic strain in the radial and

circumferential directions are stated as

L1
e =—(0,—V0o,),
r E( r 0)

Ey =

(57)

(0, —vo,), (58)

The total strain &, which is the sum of the elastic
strains &° and the plastic strains & are defined as
follows

g, =&’ +&°, (59)
Consequently, the sum of elastic and plastic strains
in the radial and circumferential directions is
obtained as follows [5, 19, 21, 22, 24, and 25]

S S /A WL W
g,,_aequ,n (o,-0,)" (0o, 5 )+E(6" va,),  (60)
g, =———(0, —c,)" (o —o-')+i(0' -vo,)
0 O-equ/" eq » 0 2 E 0 r/> (61)

Equation governing the hardening behavior of
the rotating disk in the plastic region

According to equations (5) and (6) in the
axisymmetric condition, the strain-displacement
equations are defined as follows

du
£, =—2, 62
S (62)
g, =—r, (63)
r

In other words, from equations (62) and (63), we
have
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ds,
g, =g, +r—=,
dr
The following equation is obtained by substituting
the plastic strain equations (60) and (61) in strain-
displacement equation (64)

(64)

i 1
(o,,~0,)"(0,-0,)+——(0,-Vv0o,)

o, 1" E(r)
L g Gy 1 o
:O_equn(am—a‘,) (06—7)+E(r)(ag vo,) (65)
4,1 g e 1 o
+r;[m(qq—a‘,) (o, 2)+E(r)(69 vo,)l,
The following equation is obtained by

differentiation from the right-hand term in Eq. (65)
and simplifying the expression on the left hand
side, as well as the replacement of m=1/n in it.

do,, do, o,
dr  dr X r )

de,  m
- 2pr2m
dr o, H

L (0,-0 (0, %)
o, H" r (66)
do, ldo 1

(L
(dr 2 dr )creqH” “

(0,,-0,)"" 0, H"(

-

. 1 (dUH _Vda,_)_ 1 _ dE(r)(O'H—VO',.)W
E(r)y dr  dr’ E(r) dr
3(1+v) 1 ”
&&= 2 m Oy O, O-,_O' s
T TRy ro a0 (@00 (67)

eq

To simplify by defining the following parameters

o —o )"
2= 0,0,y 1= T2 %)
) H
mZ 1o H"(0,,-0,) o,
= Zppam (o, _7)’P = o 2 (0, _7) (68)

_3(+v)o,, -0,)"

© 2E(r)o,H™
The equations (66) and (67) are rewritten as
follows
ds,

(do;q do do ldo,

=D }’)_p_“‘ur]"(ﬁ_ )
dar dar dr dar dr 2 adr 69
oL doy do 1 dEC) (69)
E(r) " dr dr’ E@Y dr " 77
e.—g, G(r
228 W —q,), (70)
By substituting the equations (69) and (70) in
Equation (64)
(0-p) 2% _pd% g, L dow I, do,
dr dr E(r) dr 2 dr 7
1 dE(r) G(r) 71
5 (o,-vo,) (0,-0,)=0,
E(r)® E(r) r
which we have in equation (71)
do,, _ 20',‘—0'9)ﬂ+(209—o;)ﬂ’
dr 20, =~ dr 20, dr
o, :Z, do, _dV/dr —Lz, o, =dy /dr+prret, (72)
rooar r r
d

9% _ 2y 1 g +£r2w2 +2rpo’,
dr dr
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In equation (72), Y is the yield stress function. By

substituting the above equations in Eq. (65), the

final equation governing the behavior of the disk

in the plastic region is obtained as follows

N, +N6+1/E]d2{

20,, dr

Nl

20,

_ﬁ+2w(,)sz§+,zwszs+l@+M (73)
dr dr 2 dr E

2 2dp(r)

re I+v

dr do, 3
+— L (=N +—— - =0,
E " (2 T E Yo, =0,)

where

N, =(20, —ag)%, N,=Q0,-0.).
»

[(nN,~H"N)o, -0, /2)

H(mN,~H"N, )0, ~0,/2) 42Uy,
/s

R2rp(re* +r*e

N, =2rp(r)o* +r’e’ @,
%

N4 = (Geq _O-y)m_l O-equ °

(74)

” (,—0,)"
A’S :(O-eq _O-y) ’N(v :[ﬁ

It is to be mentioned that the equation governing
the stresses in the plastic region in the analytical
method is solved with the help of developed codes
in the MATLAB mathematical programming
environment.

]5

Evaluating the results from the
analytical and numerical methods

In this section, we first compared the obtained
elastic and elasto-plastic results with the results
reported in other references for special cases.
Then, the results of analytical and numerical
methods in elastic and elasto-plastic analyses for
the distribution of radial displacement and radial,
circumferential, and shear stresses are studied by
considering the angular speed in the form of
constant value, exponential, linear
accelerated/decelerated, quadratic, and square root
functions with varying physical and geometric
properties of the rotating disk. In the following, the
results of the plastic deformation analysis are
presented for the FGM rotating disk. It is to be
mentioned that using ANSYS software for finite
element analysis, the FGM disk is modeled and
meshed by Plane42 2-D structural solid
axisymmetric element.

Elastic analysis results

In this section, first, the results of the elastic
analysis are validated through comparing to the
results available in the literature. Then, the results
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of elastic analysis of the rotating disk are presented
by considering different functions for the rotating
speed.

Validation of results

For ease of comparison and validation of the
results, the geometric and mechanical
specifications of the FGM rotating disk are
considered according to the reference [18] (with
the properties of SUS304 material for the metal
and the properties of Si3N4 material for the

ceramic).

a=0.02m, b=0.1m, v=0.3, ®=100 rad / s,

n=>50, p(r) = (8166—2370)( r=002 Y' +2370 kg / n’,
0.1-0.02

E(r)=(201.04—384.43)x10° x(ﬂ)” +348.43x10° Pa,
0.1-0.02

o =(240-375)x10° x (=202 | 3754 10° Pa,
’ 0.1-0.02

In Fig. 2, the variation of elastic modulus function
E(r) are indicated in terms of the radial distance of
the disk for different power indices of the FG
material, i.e. n, (with the properties of SUS304
material for the metal and the properties of Si3N4
material for the ceramic) [18].
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Fig. 2: The variation modulus of elasticity E(r) against
the radial distance of the disk for different power
indices » for FG material (metal: SUS304 and ceramic:
Si3N4)

In Fig. 3a, the radial displacement diagram is
shown in terms of radial distance using the
analytical and numerical solution (finite element
analysis) performed in this study. In Fig. 3b, the
radial displacement distribution in the disk is
shown using the finite element method. In Fig. 3,
it can be seen that by increasing the radial distance,
the radial displacement of the disk increases from
zero at the inner radius and reaches its maximum
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value at the outer radius. The results show the
agreement of two analytical and numerical
methods used in the present study and with the
trend of variation of results presented in reference
[18]. In Fig. 3, the results presented by the
reference [18] are also presented for comparison.
It is to be noted that the results reported in [18]
have lower values compared to the results of the
present study. However, the trend of variation of
the results shown in Fig. 3 in this paper is in
consistent with the trend of variation of results
reported in [18]. Moreover, the similar results
reported in [18] are depicted in Figs. 4 and 5 for
comparing to this study here.

10
14 .
— Analytical solution et
12p + ANSYS (FEM) o
2 Reference [18] el
= e
Er W
P -
s 5
E 0B #
P

5 s
26l 3
T
b a
- / st
g P4

(b)

Fig. 3: a- Variation of the radial displacement in terms
of the radial distance and comparison with the results
of reference [18], b- 2D distribution of radial
displacement in the disk using FEM

The radial stress diagram obtained from the
analytical and numerical methods in this study is
presented in Fig. 4. According to Fig. 4a, the
results obtained from the numerical and analytical
methods are in a good agreement. Also, it is seen
that by increasing the radial distance, radial
stresses are reduced from the maximum value at
the inner radius to zero at the outer radius. In Fig.
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4D the radial stress distribution in the disk is shown
using the finite element method. The results show
the full agreement of two analytical and numerical
solution methods used in the present study and
with those of the trend of variation of reference
[18].
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Fig. 4: a- Variation of the radial stress in terms of the
radial distance and comparison with the results of
reference [18], b- 2D distribution of radial stress in the

disk using FEM

The results of circumferential stress diagram from
the analytical and numerical methods applied in
this study and reference [18] is shown in Fig. 5a.
Again, as can be seen, there is a full agreement
between the results obtained from analytical and
numerical methods in the present study and with
the trend of variation of results of reference [18].
It is observed that by increasing radial distance, the
value of circumferential stress is increased to a
certain radius of about 0.04 m and then decreases
up to the ones of outer radius. Fig. 5b shows the
distribution of circumferential stress in the disk
obtained using the finite element method.
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Fig. 5: a- Variation of the circumferential stress in
terms of the radial distance and comparison with the
results of reference [18], b- 2D distribution of radial

stress in the disk using FEM

In order to validate the analytical and numerical
methods presented in this paper and to compare the
results with other references and to justify the
accuracy of the results in elastic analysis, the
following data was used [8]

E(r): E()[l—n(r/b)k],E(, =201. 04 GPa,n=-0.6,k=1.1,
p=8166kg/m’,a=0, b=1m,v=0.3,0=1000 rpm,

Then, the mathematical code provided in the
environment of MATLAB was run and the results
obtained for normalized displacement in radial

direction #,and normalized stresses &,and &, in

the normalized radial position (r-a)/(b-a) = 0.5 are
0.27, 0.7 and 0.86, respectively. The results of our
method show no difference compared to the
analytical solutions of Eraslan and Akis [8].

The shear stress diagram resulting from the
analytical method carried out in this study is
shown in Fig. 6. As observed from this graph, the
shear stress decreases with the increasing radius,
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so that the maximum shear stress at the inner
radius reaches a value of zero at the outer radius.
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n.oz 0.02 0.04 0.05 006 007 0.08 0.09 0.1

Radizal coordinate(m)

Fig. 6: Variation of the disk shear stress in terms of
radial distance obtained using the analytical method

The stress and displacement diagrams of
the disk with constant rotational speed

In Fig. 7, the radial displacement diagram of a
rotating disk that corresponds to a constant
rotational speed (w = 100 rad/s) is shown for
different values of exponent » = 0.2, 0.5, 1, 5, 10,
20, 50 applied for the properties of functionally
graded material using the analytical method. From
Fig. 7, it is observed that the radial displacement
increases by increasing the radial distance. Also,
by increasing the exponent value of functionally
graded material », the radial displacement
decreases for the same radius of the disk.
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Fig. 7: Variation of the radial displacement in terms of
radial distance for different values of » at constant
rotating velocity w = 100 rad/s using the analytical

method

In Fig. 8, the radial stress diagram for the rotating

disk that rotates with constant rotating speed of w

= 100 rad/s, is shown using the analytical method,

for different values of the exponent index of

functionally graded material » = 0.2, 0.5, 1, 5, 10,

20, 50. From Fig. 8, it can be seen that the radial

stress is reduced from the maximum value at the
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inner radius and reaches zero at the outer radius.
Also, by increasing the exponent n, radial stress
decreases for the same radius of the disk.

8k

& n=02
+ n=05

S

radial stress(pa)

ooz 0.03 004 0.056 0.06 007
Radial coordinate(m)

Fig. 8: Variation of the radial stress in terms of radial

distance for different values of » at constant rotational
speed w = 100 rad/s using the analytical method

In Fig. 9, the circumferential stress diagram in the
disk that rotates with constant rotational speed of
@ =100 rad/s, is shown using the analytical method
for different values of functionally graded material
index n=10.2, 0.5, 1, 5, 10, 20, 50. It is observed
that by increasing the radial distance, the
circumferential stress increases in the radial
direction to a specific radius, and then decreases to
minimum value at its outer radius. Also, by
increasing the value of n, the circumferential stress
is reduced for the same radius of the disk. These
obtained results are in perfect agreement with the
results reported in reference [18].
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Fig. 9: Variation of the circumferential displacement
in terms of radial distance for different values of » at
constant rotating speed w = 100 rad/s using the
analytical method
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The stress and displacement diagrams of the
disk with the variable rotating speed in form of
exponential function

In Fig. 10, the variation of rotating speed is shown
in form of exponential function
o(t)=100e"" rad /s [18], in which the rotating
velocity of the disk decreases with a decelerated
acceleration from the rotational speed of w = 100
rad/s to the rotating speed of w = 10 rad/s during a
Ss period.
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Fig. 10: Variation of rotating speed of the disk as a
time-dependent exponential function

In Figs. 11, 12, 13, and 14, respectively, the three-
dimensional variation of radial displacement,
radial stress, circumferential stress, and shear
stress are shown in terms of radial displacement
and time and considering an exponential function
for the rotating speed w(t)=100e™"" rad/s for

FGM exponent of n =1 using the analytical
method.
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Fig. 11: The 3 D profile of radial displacement
variation in terms of radial distance and time for n =1
and considering the exponentially variable rotating

speed
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Fig. 12: The 3 D profile of radial stress variation in

terms of radial distance and time for n=1 and
considering the exponentially variable rotating speed
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Fig. 13: The 3 D profile of circumferential stress
variation in terms of radial distance and time for n =1
and considering the exponentially variable rotating
speed
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Fig. 14: The 3 D profile of shear stress variation in
terms of radial distance and time for » =1 and
considering the exponentially variable rotating speed

The effects of disk geometry on mechanical
behavior of the rotating disk

In this section, the effects of disk geometry on
mechanical behavior of the disk of rotating speed
® =100 rad /s and power distribution index n =1

is investigated. The outer and inner radius of the
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disk are considered to be fixed with the value of b
= 0.1 m and variable with the values of a = 0.02,
0.04, and 0.06 m, respectively.

In Fig. 15, the variation of radial displacement for
the disk of outer radius b = 0.1 m and inner radius
a = 0.02, 0.04, and 0.06 m with constant
exponential rotating speed is shown for index of
functionally graded material » = 1 using the
analytical method. It is observed that by increasing
the value of inner radius of the disk, radial
displacement values are reduced along the disk
radius so that the value of radial displacement in
the outer radius decreases by increasing the inner
radius of the disk. Also, the values of radial
displacement for the disk with the inner radius a =
0.02 m are greater than that of the disk with radius
a=0.04 mand a = 0.06 m.
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Fig. 15: Radial displacement variation for different
geometries of the rotating disk with #» =1 and
exponential rotating speed using analytical method

In Fig. 16, the variation of radial stress for the disk
of outer radius b = 0.1 m and inner radius a = 0.02,
0.04, and 0.06 m with constant rotating speed is
shown for index of functionally graded material »
= 1 using the analytical method. The radial stress
is reduced by increasing the radial distance so that
for every arbitrary inner radius of disk, the radial
stress decreases from the maximum value at the
inner radius of the disk to zero at the outer radius.
Also, the value of radial stresses at inner radius of
0.06-0.1 m is often located on each other.
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Fig. 16: The radial stress variation for different
geometries of the rotating disk with » = 1 and
exponential rotating velocity using the analytical
method

In Fig. 17, the variation of circumferential stress
for the disk of outer radius & = 0.1 m and inner
radius a = 0.02, 0.04, and 0.06 m with constant
rotating speed is shown for index of functionally
graded material » = 1 using the analytical method.
It is observed that the value of circumferential
stress increases by increasing the radial distance to
a specified value and then it is reduced so that it
reaches the minimum value at the outer radius. The
results show that the value of circumferential stress
for the disk with the inner radius a = 0.02 m is
greater than that of the disk with inner radius a =
0.04 m and a =0.06 m.
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Fig. 17: The circumferential stress variation for
different geometries of the rotating disk with » =1 and
exponential rotating velocity using the analytical
method

It should be noted that the results of variation of
parameters obtained in the present study (Figs. 6-
17) are in a proper and good agreement with the
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reported results of reference [18]. Thus, according
to validation of results, the authors ensure that the
computer codes developed based on the analytical
method and conducted simulations based on the
finite element method have good accuracy and
reliability.

Elastic analysis of the rotating
annular thin disk considering
different accelerated/decelerated
rotating speeds

The displacement and stress diagrams of
the disk with an accelerated linear
rotational speed

In Fig. 18, the variation of the time function of
accelerated linear rotating speed
w=18¢+10 rad /s is shown in which the rotating
speed of the disk increases with a linear
acceleration from @ = 10 rad/s to w = 100 rad/s in
a 5s period.
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Fig. 18: Variation of the linear accelerated rotating
speed of the disk with an accelerated linear trend

In Figs. 19a and 19b, the radial stress diagram of
the rotating disk with an accelerated linear rotating
speed for different values of FGM index n = 0.2,
0.5, 1, 5, 20, 50 is shown using the analytical
method at the third and the fifth seconds,
respectively. From Fig. 19, it is observed that the
radial stress in the radial direction decreases from
the maximum value at the inner radius to zero at
the outer radius as the radial distance increases in
the disk. Also, by increasing n, the radial stress
decreases for the same radius of the disk.



4 4 / Joumnal of Aerospace Science and Technology
Vol. 14/ No. 2/ Summer-Fall 2021

=
T 9|4
333335

[T T}
g8

_radial stress{pa) (pa)

o0 LiEis o0 00s 0oe or 0.08 t0g ol
radial coordinate(m)

(pau)

[
n

&)

radial stress(pa)

0.02 0.03 .04 005 .06 0.07 0.08 0.09 01

radial coordinate(m)
(b)

Fig. 19: Variation of the radial stress in terms of radial
distance for different values of » at an accelerated
linear rotating speed @ =18¢+10 rad /s using the

analytical method, (a)- the third second and (b)- the
fifth second

In Figs. 20a and 20b, the circumferential stress
diagram of the rotating disk with an accelerated
linear rotating speed for different values of FGM
index n=0.2,0.5, 1, 5, 20, 50 is shown using the
analytical method at the third and the fifth seconds,
respectively. From Fig. 19, it is observed that by
increasing the radial distance, the circumferential
stress in the radial direction increases up to radius
0f'0.04 m and then decreases accordingly. Also, by
increasing n, the circumferential stress decreases
for the same radius of the disk.
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Fig. 20: Variation of the circumferential stress in
terms of radial distance for different values of # at an
accelerated linear rotating speed @ =18¢+10 rad /s
using the analytical method, (a)- the third second and
(b)- the fifth second

In Figs. 21a and 21b, the shear stress diagram of
the rotating disk with an accelerated linear rotating
speed for different values of FGM index n = 0.2,
0.5, 1, 5, 20, 50 is shown using the analytical
method at the third and the fifth seconds,
respectively. As can be seen the shear stress in the
radial direction decreases from the maximum
value at the inner radius to zero at the outer radius
by increasing the radial distance in the disk.
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Fig. 21: Variation of the shear stress in terms of radial
distance for different values of #» at an accelerated
linear rotating speed @ =18¢+10 rad /s using the

analytical method, (a)- the third second and (b)- the
fifth second

In Figs. 22a and 22b, the radial displacement
diagram of the rotating disk with an accelerated
linear rotating speed for different values of FGM
index n=0.2, 0.5, 1, 5, 20, 50 is shown using the
analytical method at the third and the fifth seconds,
respectively. From Fig. 22, it is observed that the
radial displacement increases by increasing the
radial distance. Also, by increasing #, the radial
displacement decreases for the same radius of the
disk.
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Fig. 22: Variation of the radial displacement in terms
of radial distance for different values of # at an
accelerated linear rotating speed @ =18t +10 rad /s

using the analytical method, (a)- the third second and
(b)- the fifth second

In Figs. 23, 24, 25, and 26, respectively, the three-
dimensional model of variation for radial
displacement, radial stress, circumferential stress,
and shear stress are shown in terms of time and
radial distance and considering the accelerated
function of w=18+10rad/s for the rotating

speed of the disk and for given value of FGM
power index 7 using the analytical method.
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The displacement and stress diagrams of the
disk with a decelerated linear rotational speed

In Fig. 27, the variation of the time function of
decelerated linear rotating speed

. . .(b) . ®=-18t+100 rad/s is shown in which the
Fig. 24: Three-dimensional profile of radial stress

variation in terms of radial distance and time increase rotating Speed of the disk decreases with a line?lr
with an accelerated linear rotating speed (a)- for n=1, decelera‘glon from @ =100 rad/s to = 10 rad/s in
(b)- for different values of n a 5 s period of time.
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Fig. 27: Variation of the rotating speed of the disk
with a decelerated linear trend

In Figs. 28, 29, 30, and 31, respectively, the three-
dimensional profile of variation for radial
displacement, radial stress, circumferential stress,
and shear stress are shown in terms of time
increase and considering the accelerated function
of @w=-18t+100 rad /s for the rotating speed of

the disk and for given value of FGM power index
n using the analytical method.
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Figure 29: Three-dimensional profile of radial stress
variation in terms of radial distance and time increase
with a decelerated linear rotating speed for n =1
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Fig. 30: Three-dimensional profile of circumferential
stress variation in terms of radial distance and time
increase with a decelerated linear rotating speed for »
=1
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Fig.31: Three-dimensional profile of shear stress
variation in terms of radial distance and time increase
with a decelerated linear rotating speed for n =1

It should be noted that the results for the
distribution of obtained stresses and displacement
in the linear decelerated rotational speed condition
for the given period (0 s-5 s) are similar to the ones
obtained for the accelerated rotating speed state.

The displacement and stress diagrams of the
disk with the rotational speed in form of a
quadratic function

In Fig. 32, the variation of the time function of
accelerated quadratic rotational speed
®=3.6t>+10 rad /s is shown in which the

rotating speed of the disk increases with an

increasing acceleration from @ = 10 rad/s to w =
100 rad/s in a 5s period.
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Figure 32: Variation of the rotating speed of the disk
with an accelerated quadratic trend
©=3.61>+10 rad / s

In Figs. 33, 34, 35, and 36, respectively, the three-
dimensional model of variation for radial
displacement, radial stress, circumferential stress,
and shear stress are shown in terms of radial
distance and time increase considering the
accelerated quadratic function of
® =3.6t> +10 rad / s for the rotating speed of the

disk and for different values of FGM power index
n = 0.2, 0.5, 1, 5, 20, 50 using the analytical
method.
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Figure 33: Three-dimensional profile of radial stress
variation in terms of radial distance and time increase
with an accelerated quadratic rotating speed
®=3.61>+10 rad / s for different values of n up to

the fifth second (=5 s)
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Figure 34: Three-dimensional profile of
circumferential stress variation in terms of radial
distance and time increase with an accelerated
quadratic rotating speed @ = 3.6¢2 +10 rad / s for

different values of n up to the fifth second (=5 s)
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Figure 35: Three-dimensional profile of shear stress
variation in terms of radial distance and time increase
with an accelerated quadratic rotating speed
® =3.6t> +10 rad / s for different values of # up to

the fifth second (=15 s)
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Figure 36: Three-dimensional profile of radial
displacement variation in terms of radial distance and
time increase with an accelerated quadratic rotating speed
® =3.6t>+10 rad / s for different values of n up to

the fifth second (=5 s)
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The displacement and stress diagrams of
the disk with the rotational speed in form
of a square root function

In Fig. 37, the variation of the time function of
accelerated square root rotational speed
® =40.249¢"° +10 rad / s is shown in which the
rotating velocity of the disk increases with an
increasing acceleration from @ = 10 rad/s to w =
100 rad/s in a 5s period.
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Figure 37: Variation of the rotating speed of the disk
with an accelerated square root trend
o =40.249t" +10 rad / s

In Figs. 38, 39, and 40, respectively, the three-
dimensional profile f variation for radial
displacement, radial stress, circumferential stress,
and shear stress are shown in terms of radial
distance and considering the accelerated square

root function of @ =40.249¢"° +10 rad /s for

the rotational speed of the disk and for different
values of FGM power index n = 0.2, 0.5, 1, 5, 20,
50 using the analytical method.
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Figure 38: Three-dimensional profile of radial stress

variation in terms of radial distance and time increase
with an accelerated square root rotational speed

o =40.249t°° +10 rad / s for different values of n up

to the fifth second (=5 s)
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Figure 39: Three-dimensional profile of
circumferential stress variation in terms of radial
distance and time increase with an accelerated square
root rotational speed @ = 40.249¢°> +10 rad / s for

different values of # up to the fifth second (¢ =5 s)
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Figure 40: Three-dimensional profile of shear stress
variation in terms of radial distance and time increase
with an accelerated square root rotational speed
o =40.249t"° +10 rad / s for different values of n

Results of plastic analysis for the rotating
annular thin disk

In this section, firstly, to compare the results with
other references and to justify the accuracy of the
results in plastic analysis, for a constant thickness
rotating annular disk considering Swift’s
hardening law [5] to simulate nonlinear hardening
material the data in [5] with material parameter m
= 2 are considered; and the developed computer
mathematical code provided in environment of
MATLAB was run. The obtained results for

normalized displacement in radial direction #, and
normalized stresses &, and &, in the normalized
radial position 7 =r/b= 0.5 are 0.81, 1.45, and
1.4, respectively. Again, these results show no

differences compared to the analytical solutions of
Eraslan [5].
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Now, to analyze the plastic behavior model in this
study, the geometric characteristics and
mechanical properties of the disk with constant
rotating speed are considered as follows [4]
a=01m, b=05m,v=0.3, ©=450 rad /s,
E(r)=207x10°(r/ b)" Pa, p(r)="1850(r/b)" kg /n’,

o, (r)=235x10°x(r/b)" Pa, n,=n,=n, ny=n/4,n=0.5,
In Fig. 41, the variation of plastic radial stress in
terms of radial distance is indicated for the power
index n = 0.5 using the Ludwig hardening law. It
is observed that by increasing the radial distance,
the value of radial stress increases from zero at the
inner radius of the disk and reaches its maximum
value at radius » = 0.04 m and then, it decreases to
zero at the outer radius.
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Figure 41: Variation of the plastic radial stress in
terms of radial distance for #» = 0.5 and constant
rotational speed

In Fig. 42, the variation of plastic circumferential
stress in terms of radial distance is indicated for the
power index » = 0.5 using the Ludwig hardening
law. It is observed that by increasing the radial
distance, the value of circumferential stress
decreases from its maximum value at the inner
radius of the disk and reaches zero at radius r =
0.67 m and then, it increases to maximum value
with negative sign at the outer radius.

Hadi Hamedani, Ahmad Mamandi

circumfrentioal stress(pa)

0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Radial coordinate(m)

Figure. 42: The variation of the plastic circumferential
stress in terms of radial distance for » = 0.5 and
constant rotational speed

Conclusion

A summary of the results obtained in the elastic-
plastic analysis of the annular rotating disk made
of functionally graded material with different
functions of rotational speed including constant
rotating speed and time varying rotating speed
such as the exponential, accelerated/decelerated
linear, quadratic, and square root functions are as
follows:

1. It was observed that the value of elastic radial
stress decreases by increasing the radial distance
so that the radial stress is decreased from its
maximum value at the inner radius to zero at the
outer radius for different values of inner radius of
the disk. Also, the radial stress curves for different
values of inner radius are often overlaid on each
other.

2. The value of circumferential stress is increased
by increasing the radial distance to a certain value,
and then decreased in such a way that it reaches the
minimum value at the outer radius.

3. The value of elastic shear stress decreases by
increasing the inner radius, so that the shear stress
in the inner radius decreases from the maximum
value to zero at the outer radius.

4. It was observed that for constant value of the
outer radius of the disk, the annular disk with small
inner radius is exposed to greater elastic
circumferential stress values than the annular disk
with a large inner radius. Also, for the annular disk
with different values of inner radius and constant
outer radius, it was observed that the value of
elastic radial stress at larger radial distances would
often have the same values.
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5. It was observed that by increasing the value of
the power index of material #, the values of radial,
circumferential, and shear stresses and radial
displacement values are reduced for constant value
of the inner and outer radius.

6. Using the Ludwig hardening law, it was
observed that the value of plastic radial stress
increases from zero at the inner radius of the disk
and reaches the maximum value in a certain value
of the inner radius, and then reaches zero at the
outer radius with a decreasing trend.

7- It was observed that by increasing the radial
distance, the value of plastic circumferential stress
decreases from the positive maximum value at the
inner radius so that it reaches zero in almost the
middle radius of the disk, and then it is reduced
again with a decreasing trend to reach the negative
maximum value at the outer radius of the disk.
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