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Numerical Simulation of Fluid Flow Past a Square
Cylinder Using a Lattice Boltzmann Method
S. Rowghani1, M. Mirzaei2, R. Kamali3
The method of Lattice Boltzmann Equation LBE is a kinetic-based
approach for uid ow computations. In the last decade, minimal kinetic
models, primarily the LBE, have met with signicant success in the simulation
of complex hydrodynamic phenomena, ranging from slow ows in grossly
irregular geometries to fully developed turbulence, to ow with dynamic phase
transitions. In the present work, a computer code based on the Lattice
Boltzmann Method LBM has been developed to show the capability of the
method for simulating uid ows. The conned ow around a cylinder with
square cross-section mounted inside a plane channel blockage ratio B=1 8
was investigated in detail with the LBM. The largest Reynolds number chosen
was Re=300 based on the maximum inow velocity and the chord length of
the square cylinder. The LBE was built up on the basis the D2Q9 model and
the single relaxation time method called the lattice-BGK method. Both velocity
proles and integral parameters such as drag coecient and Strouhal number
were investigated.
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single particle mass distribution
function
particle velocity vector
uid velocity
pressure
spatial position vector
equilibrium distribution function
post-collision distribution function
relaxation time
gas constant
gas temperature
kinematic viscosity
discrete particle velocity in LBE model
weighting factor
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equilibrium distribution function in
discretized particle velocity space
none-equilibrium distribution function
in discretized particle velocity space
speed of sound
time step
space step
dimensionless relaxation time in LBGK
Knudsen number

INTRODUCTION

In the last 15 years or so, there has been rapid progress
in developing the method of the lattice Boltzmann
equation LBE for solving a variety of uid dynamic
problems 1 6 . Historically, the LBE method was
developed from the method of Lattice Gas Automata
LGA see 7 11 for details on the LGA method.
Nevertheless, the LBE method can be better appreciated by considering the Boltzmann equation directly.
Adopting the macroscopic method for computational
uid dynamics CFD, the macroscopic variables of
interest such as velocity, u, and pressure, p, are usually
obtained by solving the Navier Stokes NS equations.
In the LBE approach, one solves the kinetic equation
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for the particle velocity distribution function 

in which is the particle velocity vector, is the spatial
position vector, and t is the time. A popular kinetic
model adopted in the literature is the single-relaxationtime SRT approximation, the so-called Bhatnagar
GrossKrook BGK model 12 .
In contrast to the overwhelming number of publications on the ow past circular cylinders, the square
counterpart has not been investigated extensively, although it plays a dominant role in many technical applications such as building aerodynamics. Depending
on the Reynolds number, di erent ow regimes can be
distinguished for a square cylinder 13 . At very small
Reynolds numbers Re 1, viscous forces dominate the
ow. For this creeping ow, no separation takes place
at the surface of the cylinder. With increasing Re, the
ow separates rst at the trailing edges of the cylinder
and a closed steady recirculation region consisting of
two symmetric vortices is observed behind the body.
The size of the recirculation region increases with an
increase in Re. When a critical Reynolds number
Recrit , is exceeded, the well-known von Karman vortex
street with periodic vortex shedding from the cylinder
can be detected in the wake. Di erent values of Recrit ,
exist in the literature. Based on experimental investigations, Okajima 14 found periodic vortex motion
at Re~70 leading to an upper limit of Recrit = 70. A
smaller value Recrit = 54 was determined by Klekar
and Patankar 15 based on a stability analysis of the
ow. When the Reynolds number is further increased,
the ow separates at the leading edges of the cylinder.
The onset of this phenomenon is not clearly dened
in the literature only a wide range of Re=100 to 150
is given  13 , 14 . In this Reynolds number range,
the ow past square cylinders can still be considered
as 2D. In contrast to the circular cylinder ow for
which Williamson 16 provides a Reynolds number
limit of Re 180 for the onset of 3D structures in the
wake, no such clear statement can be found for the
square counterpart. A rough hint is given by 13
with Re=300. Therefore, this Reynolds number was
chosen as the upper limit of the present 2D laminar
simulations. Beyond this limit, 3D structures have to
be expected and subsequently transition to turbulence
takes place in the free shear layers. In comparison with
the free ow case, two new parameters have to be taken
into account: the in ow prole and the blockage ratio.
As shown by Davis
17 , the vortex shedding
frequency depends strongly on the in ow prole. In the
experimental investigations by Shair
18 and 17 ,
non-negligible deviations between the velocity proles
far upstream of the cylinder and the parabolic distribution expected for fully developed laminar channel
ow were observed. Therefore, this aspect has to be
kept in mind for comparison between experimental
and numerical investigations which typically apply the
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theoretical velocity prole as in ow conditions. The
second parameter which plays a dominant role in the
conned cylinder ow is the blockage ratio of the
channel, dened as =
where is the diameter
of the cylinder and H is the channel height. It is
generally accepted that for a xed Reynolds number,
an increasing blockage ratio leads to an increase in
the Strouhal number. This holds true for both circular and square cylinders, although the movement of
the separation points cannot be responsible for this
phenomenon for a sharp-edged body as assumed for
a round geometry. Davis
17 investigated the
conned ow past square cylinders for a wide range
of Re and two di erent blockage ratios  = 16
and 14 experimentally and numerically. Depending
on the blockage ratio, a maximum Strouhal number
was observed at Re=Remax =200 to 350. For higher
Re, the Strouhal number decreases again and reaches
an almost constant level. As mentioned above, non
-parabolic velocity proles were measured upstream
of the cylinder. Because most numerical predictions
were based on these measured in ow proles, a direct
comparison with the present study is possible only for
the additional cases in which a parabolic prole was
assumed. These computations were based on a nitevolume code and non-equidistant coarse grids of 76 
42 and 7652 grid points. Two-dimensional numerical
simulations were also carried out by Mukhopadhyay
19 for the Re range 90-1200, two blockage ratios
 =18 and 14 and a parabolic in ow prole. With
respect to the Reynolds number of the corresponding
channel ow, the upper limit of Re in this investigation
seems to be highly questionable because a turbulent
ow in the channel has to be expected under these
conditions. For a blockage ratio =15, Suzuki
20 computed Strouhal numbers over a wide
Re range and found a maximum at Re=Remax =150.
Liu
21 solved the three dimensional cylinder
in a channel using the LBM. A comparison of the
di erent data mentioned above shows a large array of
the results already for integral parameters such as the
Strouhal number. There is evidently a lack of reliable
experimental and numerical data for this ow case.
The objective of the present study was to yield
a contribution to close this gap. The results were
evaluated in detail based on velocity elds and integral
parameters and compared with previous numerical and
experimental studies. Therefore, besides the physics
of the ow past a square cylinder, the paper focuses
on the comparison of the accuracy of both methods.
Moreover, one of the main features of the present study
which makes it deferent from other similar works such
as the work done by Breuer
29 , is implementation of boundary conditions specially at the outlet
of the channel. In fact, we tried various boundary
conditions and we found a proper condition on this
B
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boundary. Breuer
29 have used extrapolation
method to calculate the velocity components at the
outlet of the channel whereas in the present work
we concluded that a combination of the extrapolation
method and conservation of mass at this boundary
accelerate the convergence rate.
et:al:

DESCRIPTION OF NUMERICAL METHOD

A popular kinetic model adopted in the literature is
the single-relaxation-time SRT approximation, the
so-called Bhatnagar Gross Krook BGK model 12:
+ r =  1  0
1
f
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where 0 is the equilibrium distribution function the
Maxwell Boltzmann distribution function , and is
the relaxation time. The corresponding viscosity is
=
in which is the gas constant and is the
gas temperature. To solve for numerically, Eq. 1 is
rst discretized in the velocity space using a nite set of
velocity vectors f g in the context of the conservation
laws 22,23:
+ r =  1  eq
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In the above equation,

is the
distribution function
associated
with
the
th
discrete
velocity and eq is the corresponding equilibrium
distribution function in the discrete velocity space.
The nine-velocity square lattice model, which is often
referred to as the 2-D 9-velocity, D2Q9 model Figure
1 , has been widely and successfully used for simulating
two-dimensional 2-D ows. In the D2Q9 model,
denotes the discrete velocity set, namely:
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In the discretized velocity space, the density and
momentum uxes can be evaluated as:
=
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Qian
24 also developed various models for 3D ows with eq given in the same form as in Eq.
4 . Depending on the number of the lattice velocity
vectors used in these models, they are referred as
D3Q15, D3Q19, and D3Q27 models. Eq. 2 is called
the discrete velocity model DVM . Numerically, it
can be solved using any standard, practical method
such as nite dierence. In using nite dierence
formulation, one needs to be careful about reducing the
numerical diusion associated with the discretization of
the advection term and the stiness of the dierential
equation when 1 is required for low viscosity ows.
In the LBE method, Eq. 2 is discretized in a very
special manner. The completely discretized equation,
with the time step and space step =
, is:
et:al:
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where =
, and i is a point in the discretized
physical space. Eq. 9 , termed the LBE with BGK
approximation or LBGK model, is usually solved in
the following two steps:

where =
, and are the lattice constant
and the time step size, respectively. The equilibrium
distribution for D2Q9 model is of the form

9
3
3
2
eq =
+24
22
4
1+ 2
where is the weighting factor given by:
c

p

3
The speed of sound in this model is s =
24 and the equation of state is that of an ideal gas,

5
Figure 1.

A 2-D 9-velocity lattice D2Q9 model.
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DETAILS OF THE TEST CASE
Geometry of the computational domain and
grids
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In the incompressible ow limit, j j s
1 , the
conservation principles of mass and momentum yield:
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where ~ represents the post-collision state. It needs
to be emphasized that with such a splitting in the
computational procedure, there is no need to store
both  i + and  i during the computation.
Information on one time level is sucient for unsteady
ow simulations. In order to derive the NS equations
from LBE, the ChapmanEnskog expansion 25 is
used. In essence, it is a standard multi-scale expansion,
with time and space being rescaled as:
2 ,
,
1 = ,
2 =
1 =
f

The 2D laminar ow around a square cylinder with
diameter D mounted centered inside a plane channel
height
was investigated see Figure 2 . The
blockage ratio was xed at = 1 8. In order to
reduce the inuence of inow and outow boundary
conditions, the length of the channel was set to
=
50. The inow length was xed to = 4.
The LBA method allows the application of simple
orthogonal equidistant latticesgrids. This lattice
type makes semiautomatic integration of arbitrary,
complex geometries very easy: single lattice nodes are
either occupied by an elementary obstacle or they are
free marker and cell approach . The simulation was
carried out by three dierent grids, namely 50080,
1000160 and 2000320. The number of lattice nodes
on each side of the square cylinder varies between 10
and 40.
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@x

+ r2
v

u

=

L=D

l

L=

Boundary conditions

It is often argued that the so-called `bounce back' wall
boundary conditions, which are also used in the present
implementation of the LBA scheme, are of rst-order
accuracy, whereas the lattice-Boltzmann equation is of
second-order. However, recent investigations showed
that the error produced by the bounce back boundary
condition is suciently small if the relaxation parameter is close enough to 2 Inamuro
27 , allowing
a precise knowledge of the wall position with zero ow
velocity.
Bounce back boundary condition is the most
ecient one for arbitrary, complex geometries, which
are most typical for the application of the LBM.
By the so-called bounce back scheme, we mean
that when a particle distribution streams to a wall
!

et:al:
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The corresponding viscosity in the NS equation 14
derived from Eq. 9 is 24 :
v
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The modication of viscosity from = 2s in Eq. 1
corrects for the truncation error in the discretization
of Eq. 2 and formally makes the LBGK scheme a
second order method for solving incompressible ows
1
26 . The positivity of the viscosity requires that
2
in all LBE computations. It is noted that the pressure
p is obtained through an equation of state Eq. 8 .
The collision step is completely local. The streaming
step involves no computation. Eq. 9 is explicit, easy
to implement, and straightforward to parallelize.
:c

Figure 2.

domain.

Denition of the geometry and integration



Figure 3.

Bounce back scheme.
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node, the particle distribution scatters back to the node
it came from Figure 3.
For a node near a boundary, some of its neighboring nodes lie outside the ow domain. Therefore,
the distribution functions at these no-slip nodes are
not uniquely de ned. The bounce back scheme is a
simple way to x these unknown distributions on the
wall node.
In order to simulate a fully developed laminar channel ow upstream of the square cylinder, a
parabolic velocity pro le with a maximum velocity
max is prescribed at the channel inlet. This velocity
was chosen to be lower than 10 of the speed of
sound for the LBA simulations to avoid signi cant
compressibility e ects which are known to increase
with the square of the Mach number. For the LBA,
the pressure at the inlet is extrapolated upstream,
and the equilibrium density distribution Eq. 3 was
computed from that pressure and the given velocity
and imposed at the rst lattice column.
On the outlet, a xed pressure is imposed in
terms of the equilibrium distribution function. For
this task, the velocity components are calculated based
on a combination of extrapolated downstream and
conservation of mass. This condition leads to higher
convergence rate in comparison to pure extrapolation
method.
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Figure 4. Streamlines around the square cylinder for
dierent Reynolds numbers a Re=1 b Re= 30 c
Re=60 d Re= 200.

RESULTS AND DISCUSSION

A Reynolds number range 0 5 Re 300 was investigated numerically, where Re is based on the cylinder
diameter D and the maximum ow velocity max of
the parabolic in ow pro le. The following section
starts with a description of the di erent ow patterns
observed with increasing Re. The subsequent sections
present a detailed comparison of the computed results
based on velocity pro les at several positions in the ow
eld. Furthermore, the computations are analyzed and
compared regarding integral ow parameters such as
Strouhal number and dimensionless force coecients
drag.
:

u

Flow pattern

Figure 4 shows computational results in the vicinity of
the cylinder by streamlines at four di erent Reynolds
numbers Re=1, 30, 60, 200, each characterizing a
totally di erent ow regime.
At low Re=1, the creeping steady ow past the
square cylinder persists without separation Figure
4a. The magnitude of viscous forces decreases with
increasing Re until a certain value, at which separation
of the laminar boundary layers occurs. In comparison
with the circular counterpart, for which a value of
Re=5 was found Zdravkovich 28, separation at the
trailing edges of the sharp-edged body can be observed
at lower Re. Above this limit, the wake comprises a

Streaklines around the square cylinder for
dierent Reynolds numbers a Re=60 b Re=100 c
Re=200 d Re=300.

Figure 5.

steady recirculation region of two symmetrically placed
vortices on each side of the wake, as shown in Figure
4b at Re=30, whose length grows as Re increases.
The same trend was observed for circular cylinders.
Owing to the sharp corners, the separation point is
xed at the trailing edge and the ow is attached at the
side walls. The steady, elongated and closed near-wake
becomes unstable when Re Recrit Figure 4c. The
transverse oscillation starts at the end of the near-wake
and initiates a wave along the trail. This phenomenon
is visualized by streaklines in Figure 5a Re=60.
Weightless particles released at di erent sources in
front of the cylinder were integrated during the timedependent ow computation. As stated earlier, Klekar
and Patankar determined a critical value of Recrit = 54.
Although this limit depends on ow parameters such
as the blockage ratio, a similar value Recrit  60
was observed in the present computations. When Re is
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the drag, it can be concluded that an insucient
resolution of the boundary layers by the LBA method
is responsible for this behavior.
Unsteady ow: 60 Re 300

Velocity proles

The results of this part is limited to Re=100. As the
ow is unsteady at this Reynolds, it is necessary to
dene the time of evaluation. This is given by the time
level at which the cross stream velocity at an axial
position of 10 behind the cylinder changes its sign
from minus to plus.
Figure 7 shows the velocity distribution of both
velocity components along the centerline.
Figure 8 shows velocity proles of U and V at
three dierent axial positions, =0, 4 and 8. For the
prole through the center of the cylinder  =0, no deviations are visible between the two sets of results. For
V

D

Figure 6.

computed drag coecient vs. Reynols number.

further increased, the free shear layers begin to roll up
and form eddies as shown in Figure 5b at Re=100.
This phenomenon is well known as the von Karman
vortex street.
The wavelength of vortex shedding decreases with
rising Re, as seen in Figure 5. Another important
change in the ow structure is observed in the range
Re=100 to 150, where separation already starts at the
leading edge of the cylinder Figure 4 d, Re=200.
As will be seen below, this strongly in uences the
frequency of vortex shedding. The upper limit of this
laminar 2D shedding has an enormous spread in the
literature. Preliminary 3D simulations have shown that
the ow computation shown in Figure 5d at Re=300
is slightly beyond the limit where 2D simulations can
be carried out. The deviations from fully periodic
structures in the far-wake are also a clear hint for this
statement.
Furthermore, it should be taken into account that
the Reynolds number based on the channel height H
and the mean velocity mean in the channel is already
Rechannel = 1600 for this case. Therefore, owing to the
triggering eect of the obstacle on the channel ow,
transition to turbulence has to be expected leading to
3D structures in the wake.

x

x

a

u

Steady ow: 0.5

Drag coecient

Re 60

One of the most important characteristic quantities
of the ow around a cylinder is the drag coecient
d . In the region of small Reynolds numbers, the drag
coecient varies strongly with Re. The contributions
of the viscous and pressure forces to the total drag are
of the same order of magnitude. A comparison of the
computed LBM results is shown in Figure 6 for the
steady-state results in the range 0 5 Re 60.
The dierence between the LBA and FVM results
occurs for small Reynolds numbers, whereas the agreement for the upper Re range considered is satisfactory.
As the discrepancies are larger in the lower Re range,
where the viscous forces play a dominant role for
C

:

b

a streamwise U  and b cross-stream V 
velocities along the centerline y = 0, Re=100.
Figure 7.
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a

The characteristic frequency f was determined by
a spectral analysis fast Fourier transformation, FFT
of time series of the lift coe cient Cl. Figure 9 shows
the computational results.
It shows an increase in the Strouhal number with
increasing Re. At the upper limit of this range, an
important change in the ow structure takes place,
namely the movement of the separation point from the
trailing edge to the leading edge of the square cylinder.
As expected, the separation on the side walls is strongly
inuenced by the resolution in the vicinity of the body.
Therefore, the results of the coarsest grid with only
10 points on each surface do not have to be discussed
seriously. At the nest resolution, each side of the
cylinder is represented by 40 nodes with a smallest
distance to the wall of 0:025D. The Strouhal number
has a maximum at about Re=150 to 160 and decreases
again for higher Re.
Drag coecient
In the unsteady 2D ow regime 60 Re 300, the
nearwake becomes unstable and a sinusoidal oscillation

b

a streamwise U  and b cross-stream V 
velocities at three dierent positions in the ow eld, center
of cylinder x = 0, near-wake x = 4 and far-wake x = 8,
Re=100.
Figure 8.

15

Figure 9.

number.

Computed Strouhal numbers vs. Reynolds

the assessment of the agreement between the results
of the dierent numerical methods, it should be taken
into account that the ow is very unsteady. Therefore,
the de nition of the moment of evaluation has a strong
inuence on the results. Owing to nite time steps and
also nite spatial resolution, the accuracy in time in
the worst case is one time step size. Therefore, an exact
agreement between the computational results cannot
be expected.
Strouhal number
One important quantity taken into account in the
present analysis is the Strouhal number St, computed
from the cylinder diameter D, the measured frequency
of the vortex shedding f and the maximum velocity
umax at the inow plane St = f D=umax.

Computed drag coecient Cd vs. Reynolds
number for unsteady ow.

Figure 10.
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of the shear layers commences, later forming the von
Karman vortex street. In Figure 10, the time-averaged
drag coecients in this Re range are plotted. The CdRe curve has a local minimum at Re 150.
No experimental or other numerical data for
comparison were found in the literature for the same
in ow conditions and blockage ratio. However, at
least the computations of Franke 1991 and Franke
1990 for a square cylinder under free stream
conditions con rm our nding of a local Cd minimum
approximately at the Reynolds number where separation is initiated at the leading edge.
et:al:

CONCLUSIONS

A lack of accurate and detailed data was found in
the literature for the con ned laminar ow past a
square cylinder, which initiated the present work. In
order to generate reliable numerical results, The LBM
was applied to investigate the 2D ow past a square
cylinder inside a channel = 1 8 for the Reynolds
number range 0 5  Re  300. For steady ow
Re 60 , small deviations were detected for the drag
coecients in the lower Re range. The unsteady ow
computations impressively demonstrate the capability
of the LBA to deal with instantaneous ows. Velocity
pro les at dierent locations in the ow eld Re=100
were evaluated. Strouhal numbers were determined
for the entire Reynolds number range. Both methods
provide a local maximum of St at Re=150. Compared
with the scattered data in the literature, the deviations between the LBA and FVM results are almost
negligible. Finally, drag coecients were computed
and compared. As is known from the literature for
square cylinders in free stream, the drag coecient
of a con- ned cylinder also shows a local minimum
at Re=150. In conclusion, the present work provides
reliable and accurate results for the con ned cylinder
ow which were not previously available. The extension
to 3D computations and higher Reynolds numbers is
the subject of further investigations within ongoing
research.
B
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