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 This paper presents a novel hybrid control approach for quadrotor 

unmanned aerial vehicles (UAVs), combining the Lyapunov-based 

backstepping method for position control with a neural network-based 

feedback-error-learning (FEL) technique for attitude control. The proposed 

strategy marks the first implementation of such a hybrid approach on a 

quadrotor platform, aiming to enhance control performance by leveraging 

classical and learning-based methods. The study’s primary objectives 

include implementing a backstepping controller for altitude and horizontal 

position control, utilizing the FEL technique for roll, pitch, and yaw angle 

control, and evaluating the hybrid method’s effectiveness in improving 

trajectory tracking accuracy under various simulated uncertainties. 

Simulation results demonstrate the proposed method’s superior 

performance in trajectory tracking, with metrics such as root mean square 

error (RMSE) and mean absolute error (MAE) indicating enhanced 

accuracy. The research contributes to aerial robotics by showcasing the 

feasibility and effectiveness of integrating robust and adaptive control 

techniques, offering potential improvements in quadrotor performance 

within complex and uncertain environments. 
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1 INTRODUCTION* 

In recent years, unmanned aerial vehicles (UAVs), 

especially quadrotors, have advanced significantly 

due to their versatile applications in surveillance, 

transportation, and search-and-rescue operations. 

Quadrotors face unique control challenges due 

to their nonlinear dynamics, underactuation, and 

sensitivity to disturbances. They have six degrees of 

freedom (6DoF) but are controlled by only four 

motors, leading to a mismatch between control 

inputs and degrees of freedom. This underactuation, 

combined with the complex interactions between 
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translational and rotational motions, makes 

quadrotor guidance and control a significant 

challenge in aerial robotics. 

Researchers have explored various control 

strategies to improve quadrotor stability and 

performance. Traditional methods, such as 

proportional-integral-derivative (PID) [1] 

controllers, are common but often perform poorly 

under varying conditions. More advanced 

techniques have since been developed. 

One such approach is the Lyapunov-based 

backstepping [2] method, which has emerged as a 

robust strategy for position control. The 

backstepping control technique, initially proposed 
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by Kotovich et al. [3], has emerged as a highly 

successful technique for stabilizing nonlinear 

systems. This approach utilizes the principles of 

Lyapunov stability proof theory [4] to achieve 

robust and reliable control of complex dynamical 

systems. Through rigorous mathematical analysis 

and careful consideration of system dynamics, this 

method offers a systematic framework for 

ensuring stability and performance in controlling 

nonlinear systems. The backstepping control 

method has demonstrated its effectiveness across 

various engineering applications, including 

aerospace and robotics, making it a valuable tool 

for addressing the challenges of nonlinear 

dynamics in modern engineering systems. 

This study aims to present a novel hybrid 

control approach that combines the Lyapunov-

based backstepping method for position control 

with the neural network-based FEL technique for 

attitude control of quadrotors. The proposed 

method is particularly innovative as it marks the 

first implementation of such a hybrid strategy on a 

quadrotor platform.  

The primary objectives of this research are: 

• To implement a backstepping controller for 

direct altitude control and indirect 

horizontal position control in the horizontal 

plane. 

• Utilize the FEL technique with a classical 

PID controller to control roll, pitch, and yaw 

angles, thereby enhancing overall control 

performance. 

• To evaluate the effectiveness of the 

proposed hybrid approach in improving 

trajectory tracking accuracy under various 

simulated uncertainties, including added 

noise, external disturbances, and sudden 

weight changes. 

The performance of the proposed control 

strategy will be assessed using metrics such as 

the RMSE, MAE, IAE, ISE, ITAE, and ITSE for 

trajectory tracking, as well as the integral of 

absolute control signal (IAC) to evaluate control 

effort and energy consumption. 

This research contributes to aerial robotics by 

demonstrating the feasibility and effectiveness of 

a hybrid control strategy that merges classical and 

learning-based methods. The findings of this study 

have potential implications for improving 

quadrotor performance in complex and uncertain 

environments, with applications ranging from 

precision trajectory tracking to urban navigation 

and obstacle avoidance. The remainder of this 

paper is structured as follows: we will begin with 

a review of relevant literature, followed by the 

formulation of the 6DOF quadrotor dynamics 

model. Subsequently, the design of the proposed 

hybrid control approach will be detailed. We will 

then present a simulation study to evaluate the 

proposed method and compare its performance 

against both a finely tuned, fixed-gain PID 

controller and an adaptive fuzzy logic-based PID 

controller (as described in [5]). Finally, a 

discussion of the results and concluding remarks 

will be provided. 

2 LITERATURE REVIEW 

Quadrotors have seen significant advancements in 

control systems, evolving from conventional 

methods to advanced intelligent techniques. 

Initially, traditional control strategies such as PID 

[1] controllers, linear control techniques like linear 

quadratic regulator (LQR) [6], and model 

predictive control (MPC) [7] were widely used. 

PID controllers are favored for their simplicity and 

effectiveness in stabilizing flight, yet they often 

struggle with dynamic disturbances. Linear control 

methods provide stability in controlled 

environments but are limited by their reliance on 

linear models. While more sophisticated and 

capable of handling constraints, MPC faces 

challenges due to its computational demands. 

As the complexity of quadrotor applications 

increased, researchers began exploring advanced 

intelligent control methods. Fuzzy logic control  

(FLC) [5], [8] emerged as a solution for managing 

uncertainties and nonlinearities, outperforming 

traditional PID controllers in various conditions. 

Integrating neural networks with existing control 

systems allowed for learning complex input-

output relationships, significantly enhancing 

performance in trajectory tracking and disturbance 

rejection. Reinforcement learning (RL) [9] has 

also gained traction, enabling quadrotors to 

adaptively learn optimal control policies through 

interactions with their environment, significantly 

improving capabilities such as autonomous 

navigation and obstacle avoidance.  However, a 

key limitation is its reliance on extensive trial and 

error, which can be detrimental for inherently 

unstable systems. 

Integrating  conventional robust control 

methods with advanced intelligent techniques has 

emerged as a promising approach to enhance 
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quadrotor performance [10]. Traditional methods, 

such as Lyapunov-based controls including 

backstepping and sliding mode control [11], are 

known for their robustness in handling 

uncertainties and nonlinear dynamics. However, 

they often lack optimality and adaptability in 

varying conditions. Conversely, learning-based 

methods, such as neural controllers, exhibit 

strong adaptive capabilities due to their learning 

abilities but may struggle with stability 

guarantees and predictable performance. By 

integrating the precise control offered by 

backstepping with the adaptive learning 

capabilities of neural networks, this novel 

method addresses the limitations of each 

technique. 

FEL has emerged as a promising control 

strategy in robotics and autonomous systems, 

particularly for complex nonlinear systems such 

as quadrotor UAVs. The FEL approach, initially 

proposed by Kawato et al. [12], [13], combines 

a feedforward controller with a feedback 

controller to achieve adaptive control. In 1993, 

Gomi and Kawato [14] proposed a new learning 

scheme using FEL for a neural network model 

applied to adaptive nonlinear feedback control. 

In 1995, Hamavand et al. [15] presented a neural 

network-based control strategy for the trajectory 

control of robotic manipulators using FEL. In 

1996, Teshnehlab et al. [16] proposed a neural 

network controller with a flexible structure 

based on FEL for multi-input multi-output 

(MIMO) systems. In 2000, Kalanovic et al. [17] 

developed an FEL neural network to control a 

powered trans-femoral prosthesis. 

In 2004, Nakanishi et al. [18] proposed the 

FEL method for nonlinear adaptive control. 

Presented the FEL controller for joint angle 

control using functional electrical stimulation 

(FES) in rehabilitation robotics in 2005. In 2006, 

Miyamura et al. [19] analyzed the stability of the 

FEL method with time delay. Using FEL, Ruan 

et al. [20] proposed an adaptive control scheme 

for inverted pendulum balancing. 2014 Taheri et 

al. [21] proposed the FEL controller with an 

adaptive neural network for low Earth orbit 

satellite tracking. Sabahi et al. [22] applied a 

type-2 fuzzy logic system with FEL for load 

frequency control, demonstrating improved 

performance over conventional methods. 

Khanesar et al. [23] 2015 developed the FEL 

control for magnetic satellites using type-2 

fuzzy neural networks, showcasing the potential 

of combining FEL with advanced computational 

intelligence techniques. Kayacan et al. [24] 

introduced a self-learning disturbance observer 

for nonlinear systems in the FEL framework, 

addressing the challenge of time-varying 

disturbances. Asgari et al. [25] 2022 presented a 

stable FEL scheme for nonlinear nonaffine 

systems, demonstrating its ability to handle 

uncertainties and disturbances. In 2022, 

Figueiredo et al. [26] investigated using FEL for 

time-effective gait trajectory tracking in 

wearable exoskeletons, highlighting its potential 

for rehabilitation applications. 

The key strength of FEL lies in its ability to 

learn the inverse dynamics of a system online, 

gradually reducing the reliance on the 

feedback controller [18]. This adaptive nature 

makes the FEL particularly suitable for 

systems with uncertainties and time-varying 

dynamics, such as quadrotors operating in 

diverse environments. 

3 QUADROTOR 6DOF DYNAMIC 

MODEL 

In the world-fixed reference FW,  vector 

𝒑 = [𝑥 𝑦 𝑧]𝑇 represents the absolute position 

of the quadrotor at its center of gravity. The 

components of the velocity vector 𝑣 =

[𝑣𝑥 𝑣𝑦 𝑣𝑧]  in (1) are expressed in the 𝐹𝑊. 

The dynamic model of the quadrotor’s position 

within this fixed-world coordinate system is 

outlined in (2) [27]. The thrust vector 𝑇 is 

generated by the four propellers. The 

gravitational acceleration on Earth is 𝑔 =

9.81[𝑚 𝑠2⁄ ], and the total mass of the quadrotor 

is denoted as 𝑚. 

The quadrotor’s attitude is represented by the vector 

𝒐 = [𝜙 𝜃 𝜓]𝑇 in the body frame 𝐹𝐵, known as 

{

 𝑥̇ = 𝑣𝑥
𝑦̇ = 𝑣𝑦
𝑧̇ = 𝑣𝑧

 (1) 

{
 
 

 
 𝑣̇𝑥 =

𝑇

𝑚
(cos(𝜙) sin(𝜃) cos(𝜓) + sin(𝜙) sin(𝜓))

𝑣̇𝑦 =
𝑇

𝑚
(cos(𝜙) sin(𝜃) sin(𝜓) − sin(𝜙) cos(𝜓))

𝑣̇𝑧 =
𝑇

𝑚
cos(𝜙) cos(𝜃) − 𝑔

 (2) 
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Euler angles. The angular velocity in the 𝐹𝑊 is given 

by 𝝎 = [ 𝜙̇  𝜃̇  𝜓̇]
𝑇

, while the angular velocity 

in the 𝐹𝐵 is denoted as 𝝎𝑩 = [𝑝 𝑞 𝑟]𝑇. The 

dynamic model of the quadrotor’s attitude is 

detailed in (3) and (4) [27]. 
 

The moments of inertia of the quadrotor 

around the three axes 𝑋𝐵 , 𝑌𝐵, and 𝑍𝐵 of the 

body coordinate system are denoted as 𝐼𝑥, 𝐼𝑦, 

and 𝐼𝑧 respectively. The control inputs for 

the Euler roll, pitch, and yaw angles are 

represented by 𝜏𝜙, 𝜏𝜃, and 𝜏𝜓 in the control 

vector 𝒖 = [𝑇 𝜏𝜙 𝜏𝜃 𝜏𝜓], respectively. 
 

{
  
 

  
  𝑝̇ =

𝐼𝑦 − 𝐼𝑧

𝐼𝑥
𝑞𝑟 +

𝜏𝜙

𝐼𝑥

 𝑞̇ =
𝐼𝑧 − 𝐼𝑥

𝐼𝑦
𝑝𝑟 +

𝜏𝜃

𝐼𝑦

 𝑟̇ =
𝐼𝑥 − 𝐼𝑦

𝐼𝑧
𝑝𝑞 +

𝜏𝜓

𝐼𝑧

 (4) 

4 HYBRID CONTROL DESIGN 

In this section, we present the design of a hybrid 

controller for quadrotor systems, integrating 

position control via the backstepping method and 

attitude stabilization through FEL. The interplay 

between these two methodologies will be 

elaborated in separate subsections, beginning with 

the backstepping calculations for position control. 

Subsequently, we will address the implementation 

of the FEL technique for attitude control. Figure 1 

illustrates the block diagram of this hybrid 

approach, highlighting the uncertainties introduced 

by external disturbances and measurement noise. 

 

Figure 1. Block diagram of the Hybrid Controller of the quadrotor. 

A. Backstepping Position Controller 

This paper defines the position state variables for 

trajectory tracking control as tracking errors. 

Specifically, in the error vector 𝒆 = 𝒑𝒓 − 𝒑 

presented in (5), the subscript r denotes the desired 

position input value. 

{

𝑒𝑥 = 𝑥𝑟 − 𝑥
𝑒𝑦 = 𝑦𝑟 − 𝑦
𝑒𝑧 = 𝑧𝑟 − 𝑧

 (5) 

The dynamic model of the quadrotor’s position can 

be categorized into three separate state subspaces. 

The error component outlined in (5) functions as 

the state variable in these subspaces. Notably, the 

state variables 𝑥1 and 𝑥2 in (6) represent the 

tracking errors are associated with the desired 

position and velocity in the X direction. 

{
𝑥1 = 𝑒𝑥
𝑥2 = 𝑒̇𝑥

 (6) 

Consequently, based on equations (2) and (5), the 

dynamic model of the position along the X direction 

within the state space can be expressed as follows: 

{

 𝑥̇1 = 𝑥2

 𝑥̇2 = 𝑥̈𝑟 −
𝑇

𝑚
𝑈𝑥

 (7) 

By analyzing (2) and (7), the virtual control input 

𝑈𝑥 can be formulated as shown in (8). Similarly, 

relations (9) to (14) are obtained . 

𝑈𝑥 = 𝑐𝑜𝑠(𝜙) 𝑠𝑖𝑛(𝜃) 𝑐𝑜𝑠(𝜓)
+ 𝑠𝑖𝑛(𝜙) 𝑠𝑖𝑛(𝜓) 

(8) 

{
𝑥3 = 𝑒𝑦
𝑥4 = 𝑒̇𝑦

 (9) 
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{
 
 

 
  𝜙̇ = 𝑝 + sin(𝜙) tan(𝜃) 𝑞 + cos(𝜙) tan(𝜃) 𝑟

 𝜃̇ = cos(𝜙) 𝑞 − sin(𝜙) 𝑟

 𝜓̇ =
sin(𝜙)

cos(𝜃)
𝑞 +

cos(𝜙)

cos(𝜃)
𝑟

 (3) 
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{

 𝑥̇3 = 𝑥4

 𝑥̇4 = 𝑦̈𝑟 −
𝑇

𝑚
𝑈𝑦

 (10) 

𝑈𝑦 = 𝑐𝑜𝑠(𝜙) 𝑠𝑖𝑛(𝜃) 𝑠𝑖𝑛(𝜓)

− 𝑠𝑖𝑛(𝜙) 𝑐𝑜𝑠(𝜓) 
(11) 

{
𝑥5 = 𝑒𝑧
𝑥6 = 𝑒̇𝑧

 (12) 

{

 𝑥̇5 = 𝑥6

 𝑥̇6 = 𝑧̈𝑟 −
𝑇

𝑚
𝑈𝑧 + 𝑔

 (13) 

𝑈𝑧 = 𝑐𝑜𝑠(𝜙) 𝑐𝑜𝑠(𝜃) (14) 

A.1. Thrust Control Design 

Initially, the control input 𝑢1 = 𝑇, representing the 

thrust controller, is designed using the 

backstepping method. To achieve this, the 

Lyapunov function candidate 𝑉𝑥5 is defined in (15) 

based on the state subspace outlined in (13). 

𝑉𝑥5 =
1

 
𝑥5
2 (15) 

According to Lyapunov’s theory [28], the 

derivative of the function 𝑉𝑥5 must be negative 

definite [29], [30]. The expression for this 

derivative is provided in (16). 

𝑉̇𝑥5 = 𝑥5𝑥̇5 = 𝑥5𝑥6 (16) 

Assuming 𝑥6 as a virtual controller, the necessary 

conditions for the derivative of the Lyapunov 

function candidate are established in (17). 

𝑥6 = −𝑘5𝑥5 (𝑘5 ∈ 𝑅
+) (17) 

We introduce a new Lyapunov function candidate 

𝑉𝑥5,𝑥6, formulated by (17). 

𝑉𝑥5,𝑥6 =
1

 
𝑥5
2 +

1

 
(𝑥6 + 𝑘5𝑥5)

2 (18) 

The derivative of the function 𝑉𝑥5,𝑥6 must also be 

negative definite. The expression for this 

derivative can be found in (19). 

V _̇(x_5,x_6 )=x_5 x _̇5+(x_6+k_5 x_5 )( 
x _̇6+k_5 x _̇5 ) 

(19) 

By utilizing (16) and adding and subtracting the 

term 𝑘5𝑥5
2, followed by appropriate factoring, we 

arrive at (20). 

𝑉̇𝑥5,𝑥6 = (𝑥6 + 𝑘5𝑥5)(𝑥5 + 𝑥̇6
+ 𝑘5𝑥6) − 𝑘5𝑥5

2 
(20) 

 

To establish the condition for the derivative of the 

Lyapunov function candidate 𝑉𝑥5,𝑥6, it is necessary 

that condition (21) be satisfied.  

𝑥5 + 𝑥̇6 + 𝑘5𝑥6 = −𝑘6(𝑥6 + 𝑘5𝑥5) (21) 

The T trust control is derived from (21) by 

substituting 𝑥̇6 from (13) by (22). Note that 𝑘6 ∈
𝑅+. 

𝑇 =
𝑚

𝑈𝑧
[ 𝑧̈𝑟 + 𝑔 + (1 + 𝑘5𝑘6)𝑥5

+ (𝑘5 + 𝑘6)𝑥6]     
(22) 

A.2. Desired X-Y plane Attitude  

Trajectory tracking in the X-Y plane is achieved 

through rolling and pitching. For this purpose, two 

virtual inputs, 𝑈𝑥 and 𝑈𝑦 are employed. Using the 

backstepping method, 𝑈𝑥 is obtained similarly to 

the calculation of T in (23). Additionally, 𝑈𝑦 is 

obtained in (24). 

𝑈𝑥 =
𝑚

𝑇
[ 𝑥̈𝑟 + (1 + 𝑘1𝑘2)𝑥1 + (𝑘1 + 𝑘2)𝑥2] (23) 

𝑈𝑦 =
𝑚

𝑇
[ 𝑦̈𝑟 + (1 + 𝑘3𝑘4)𝑥3 + (𝑘3 + 𝑘4)𝑥4] (24) 

Note that (𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ 𝑅
+). When the control 

error approaches zero, the values of the Euler 

angles reach their desired values, and the virtual 

inputs 𝑈𝑥 and 𝑈𝑦 are at their desired levels 

according to (25) and (26). 

𝑈𝑥𝑟 = 𝑐𝑜𝑠(𝜙𝑟) 𝑠𝑖𝑛(𝜃𝑟) 𝑐𝑜𝑠(𝜓𝑟)

+ 𝑠𝑖𝑛(𝜙𝑟) 𝑠𝑖𝑛(𝜓𝑟) 
(25) 

𝑈𝑦𝑟 = 𝑐𝑜𝑠
(𝜙𝑟) 𝑠𝑖𝑛(𝜃𝑟) 𝑠𝑖𝑛(𝜓𝑟)

− 𝑠𝑖𝑛(𝜙𝑟) 𝑐𝑜𝑠(𝜓𝑟) 
(26) 

Under the mentioned conditions, by multiplying 

sin(𝜓𝑟) and cos(𝜓𝑟) in (25) and (26), along with 

some mathematical operations of addition and 

subtraction, the desired roll angle 𝜙𝑟 is obtained in 

(27). Similarly, the target pitch angle  𝜃𝑟 can be 

derived in (28). 

𝜙𝑟 = 𝑠𝑖𝑛
−1 (𝑈𝑥𝑟 𝑠𝑖𝑛(𝜓𝑟) − 𝑈𝑦𝑟 𝑐𝑜𝑠

(𝜓𝑟))  (27) 

𝜃𝑟 = 𝑠𝑖𝑛
−1 (

𝑈𝑥𝑟 𝑐𝑜𝑠(𝜓𝑟) + 𝑈𝑦𝑟𝑠𝑖𝑛
(𝜓𝑟)

𝑐𝑜𝑠(𝜙𝑟)
) (28) 
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B. Feedback Error Learning Attitude Controller 

We implement the FEL approach to achieve 

precise regulation of the roll, pitch, and yaw 

angles. This approach combines PID control with 

an inverse dynamics neural network that 

undergoes online training, enabling effective and 

adaptive management of the Euler angles. By 

leveraging this combination, the quadrotor can 

accurately follow desired trajectories, enhancing 

its performance and reliability in various 

operational conditions. 

In the neural inverse model controller 

architecture, the feedforward relations transform 

the input into the neural control signal. The desired 

angle values at three distinct time points - the 

current step, one step in the future, and two steps 

in the future - are provided as inputs to the 

network. The input vector 𝑿𝒊𝒏  is specified in 

relation (29), where k denotes the time step. 

𝑋𝑖𝑛 = [𝛼𝑟(𝑘), 𝛼𝑟(𝑘 + 1), 𝛼𝑟(𝑘 +  )]
𝑇 (29) 

The input vector is weighted using the first 

layer’s weights and combined with the layer’s bias 

to generate 𝑛𝑒𝑡1, with the number of 𝑛𝑒𝑡1 values 

corresponding to the number of neurons in this 

layer. These 𝑛𝑒𝑡1 values are then processed 

through a hyperbolic tangent activation function, 

yielding the outputs of the first layer, designated as 

𝑜1. This procedure is similarly executed in the 

output layer, although here, the activation function 

is linear, and the Euler angles are substituted with 

the 𝛼. 𝑢𝑁𝑁𝛼 denotes the neural inverse dynamics 

model control signal. 

{
 
 

 
 𝑛𝑒𝑡

1 = 𝑊1𝑋𝑖𝑛 + 𝑏
1

𝑜1 = 𝑡𝑎𝑛ℎ(𝑛𝑒𝑡1)

𝑛𝑒𝑡2 = 𝑊2𝑜1 + 𝑏2

𝑢𝑁𝑁𝛼 = 𝑛𝑒𝑡
2

𝛼 𝜑, 𝜃, 𝜓 (30) 

Before the neural controller’s input is 

transformed into a control signal during each 

iteration, its weights and biases are adjusted.  The 

quadrotor’s relative degree is denoted as 𝑟̅ =   [8]. 

Given this relative degree, the input to the neural 

controller is defined as (29). In the FEL method, 
𝑢𝑝𝑖𝑑𝛼 = 𝜏𝛼 − 𝑢𝑁𝑁𝛼, and the cost function is 

established by (31), aiming to minimize the 

classical control signal. 

𝐸 =
1

 
𝑢𝑝𝑖𝑑𝛼
2  (31) 

According to the backpropagation learning 

algorithm [32], the training of weights and biases 

for the hidden layer and the output layer of the 

neural network is computed using chain 

derivatives, as outlined in (32) and (34). 

𝜕𝐸

𝜕𝑊2
=

𝜕𝐸

𝜕𝑢𝑝𝑖𝑑𝛼

𝜕𝑢𝑝𝑖𝑑𝛼
𝜕𝑢𝑁𝑁𝛼

𝜕𝑢𝑁𝑁𝛼
𝜕𝑛𝑒𝑡2

𝜕𝑛𝑒𝑡2

𝜕𝑊2
 (32) 

After deriving and substituting the equivalent 

values for each derivative in (32), (33) is obtained.  

𝜕𝐸

𝜕𝑊2
= −𝑢𝑝𝑖𝑑𝛼 ∙ 𝑜

1 (33) 

In (34), by substituting the equivalent values of 

the chain derivatives, (35) is also derived. 

𝜕𝐸

𝜕𝑊1
=

𝜕𝐸

𝜕𝑢𝑝𝑖𝑑𝛼

𝜕𝑢𝑝𝑖𝑑𝛼
𝜕𝑢𝑁𝑁𝛼

𝜕𝑢𝑁𝑁𝛼
𝜕𝑛𝑒𝑡2

𝜕𝑛𝑒𝑡2

𝜕𝑜1
𝜕𝑜1

𝜕𝑛𝑒𝑡1
𝜕𝑛𝑒𝑡1

𝜕𝑊1
 (34) 

𝜕𝐸

𝜕𝑊1
= −𝑢𝑝𝑖𝑑𝛼 ∙ 𝑊

2 ∙ (1 − 𝑜1
2
) ∙ [

𝛼𝑟(𝑘)

𝛼𝑟(𝑘 + 1)

𝛼𝑟(𝑘 +  )
] (35) 

The weights and biases are initialized 

randomly, with values ranging from -1 to +1. 

These weights and biases are updated in each 

iteration throughout the control process based on 

gradient descent calculations. The mathematical 

representation of the weight-updating process for 

each layer in the neural network is provided in (36) 

and (37). Specifically, (37) illustrates the 

generalized delta rule, where the learning rate 𝜂 is 

essential for determining the speed and accuracy 

of learning, taking a value between 0 and 1. 

𝛻𝑊𝑖(𝑘) =
𝜕𝐸

𝜕𝑊𝑖
(𝑘) 𝑖 = 1,  (36) 

𝑊𝑖(𝑘 + 1) = 𝑊𝑖(𝑘) − 𝜂 𝛻𝑊𝑖(𝑘) (37) 

Attitude FEL Control 

The classical feedback Attitude control within the 

FEL method is established through the PID 

approach outlined in (38) as 𝑢𝑝𝑖𝑑𝛼. In this context 

𝑘𝑝𝛼 refers to the proportional gain, 𝑘𝑖𝛼  signifies the 

integral gain, and  𝑘𝑑𝛼 represents the derivative 

gain. Note that 𝛼 is replaced by three angles: roll 

(𝜑), pitch (𝜃), and yaw (𝜓). 



 

 

Robust Intelligent Trajectory Tracking for Quadrotors: Integrating 

Backstepping and Feedback-Error-Learning Technique 
Journal of  Aerospace Science and Technology 

Vol.  18  / Issue  2  /  Summer - Fall 2025 / 67 

 

𝑢𝑝𝑖𝑑𝛼 = 𝑘𝑝𝛼 . 𝑒𝛼 + 𝑘𝑖𝛼 . Σ 𝑒𝛼 . ∆𝑡 + 𝑘𝑑𝛼
∆𝑒𝛼
∆𝑡

 (38) 

 

The ∆𝑒 represents the changes in error over the 

time interval ∆𝑡. The symbol Σ denotes the sum of 

errors over the period, time ∆𝑡. The final control 

signal (39) for the three Euler angles applied to the 

quadrotor combines the neural controller signal 

and the classical controller signal.  

𝜏𝛼 = 𝑢𝑝𝑖𝑑𝛼 + 𝑢𝑁𝑁𝛼  (39) 

Simulation Results 

In the section on simulation results, we detail the 

6DoF flight modeling and simulation of the Parrot 

AR.Drone 2.0 quadrotor, followed by an evaluation 

of the implementation outcomes for the previously 

designed controllers. The block diagram in Figure 1 

illustrates that the measurement of position and 

attitude data is subject to noise interference. 

Furthermore, the quadrotor is impacted by external 

disturbances along the Z-axis. Roll, pitch, and yaw 

disturbances are also integrated into the flight 

dynamic equations for the simulation. This section 

investigates two types of trajectories: conical and 

square. In both subsections, we show that applying 

the FEL method for stabilizing and controlling the 

Euler angles has significantly enhanced trajectory 

tracking. 

Let’s examine a general nonlinear MIMO 

system described by its state-space representation 

[31] in (40) 

{
𝑥(𝑘 + 1)= 𝑓(𝑥(𝑘)) + 𝑔(𝑥(𝑘))𝑢(𝑘)

𝑦(𝑘) = ℎ(𝑥(𝑘))
 (40) 

y represents the output of the system. The 

system functions are defined as follows: 

𝑓 𝑅𝑛𝑆 → 𝑅𝑛𝑆  This function describes the state 

transition of the system. 

𝑔 𝑅𝑛𝑆 → 𝑅𝑛𝑆  𝑅𝑛𝐼  This function maps the 

current state and input to the next state. 

ℎ 𝑅𝑛𝑆 → 𝑅𝑛𝑂  This function relates the system 

state to the output. 

In this context, 𝑛𝑆, 𝑛𝐼, and 𝑛𝑂 represent the 

dimensions of the state, input, and output 

spaces, respectively. 

Consider a general nonlinear MIMO system 

subject to external disturbances [8], [31]. This 

system can be described by (41): 

{
𝑥(𝑘 + 1)= 𝑓(𝑥(𝑘)) + 𝑔(𝑥(𝑘))𝑢(𝑘) + 𝑑(𝑘)

𝑦(𝑘) = ℎ(𝑥(𝑘))
 (41) 

The disturbance vector affecting the system is 𝑑 ∈
𝑅𝑛𝑆. 

Let’s investigate a general nonlinear MIMO 

system with noisy measurements. 𝑁 𝑅𝑛𝑆 → 𝑅𝑛𝑂 

represents the additive noise, such as additive 

white Gaussian noise, at time step k [31]. The 

system can be described by (42): 

{
𝑥(𝑘 + 1)= 𝑓(𝑥(𝑘)) + 𝑔(𝑥(𝑘))𝑢(𝑘)

𝑦(𝑘) = ℎ(𝑥(𝑘)) + 𝑁(𝑘)
 (42) 

In this study, to evaluate the effectiveness of the 

proposed method in trajectory tracking of the 

quadrotor, disturbances were introduced according 

to (43)-(47). 

𝑑𝑍1(𝑡) = 0.5𝑔       30 < 𝑡 < 3 .1  (43) 

𝑑𝑍2(𝑡) = −0.45𝑔  55 < 𝑡 < 58.1 (44) 

𝑑𝑅𝑜𝑙𝑙(𝑡) = 0.00 sin(𝑡) cos( 𝑡) (45) 

𝑑𝑃𝑖𝑡𝑐ℎ(𝑡) = 0.00  0 < 𝑡 <  3.1 (46) 

𝑑𝑌𝑎𝑤(𝑡) = 0.105  40 < 𝑡 < 43.1 (47) 

Additionally, white noise with a zero mean and 

a variance of 0.01 was added to the position and 

attitude measurements. 

This approach allows us to assess the impact of 

disturbances and noise on the system’s 

performance and enables a more thorough analysis 

of the proposed method’s effectiveness. 

Following the trajectory tracking results for both 

conical and square paths, presented in figures 

across subsections A and B, we will report in 

Tables 1 and 2 the average percentage change of 

performance metrics. These tables will summarize 

the proposed FEL approach's performance relative 

to the fixed-gain PID and FLS-tuned PID 

controllers, based on data collected from 

simulations across conical, spiral, and square 

trajectories. 

A. Conical Trajectory 

The conical trajectory for the quadrotor is designed 

to guide its movement along a defined path that 

resembles a cone shape. This trajectory is 

characterized by specific relationships for the 

desired position and attitude, as outlined in 

relations (48) to (51).  
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𝑥𝑟 = 0. 𝑡 sin(𝑡 3⁄ ) (48) 

𝑦𝑟 = 0. 𝑡 cos(𝑡 3⁄ ) (49) 

𝑧𝑟 = 0.8𝑡 +   (50) 

𝜓𝑟 = 0.0873 sin(𝑡 3⁄ ) (51) 

 

Fig. 2. 3D view of conical trajectory tracking by Parrot with 

PID vs FEL controller 

Figure 2 illustrates the trajectory tracking of the 

quadrotor along a conical path using PID and FEL 

controllers in three-dimensional space within the 𝐹𝑊. 

Figure 3 also shows the quadrotor’s position variations 

over time compared to the desired position. 

 

Fig. 3. The behavior of the three axes’ positions in conical 

trajectory tracking over time. 

Figure 4 displays the tracking error across the three 

axes. The proposed method exhibits lower tracking 

errors in trajectory tracking. 

 

Fig. 4. Position errors in conical trajectory tracking 

Figure 5 illustrates the variations in attitude, 

including the Euler angles, over time. The desired 

values for roll and pitch angles differ based on the 

control method used. This discrepancy affects the 

position controller’s effectiveness in the 

performance of the attitude controller. 

 

Figure 5. The behavior of the three Euler angles in conical 

trajectory tracking over time 
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Figure 6. Attitude errors in conical trajectory tracking 

Figure 6 shows the attitude control error. The results 

indicate that the FEL controller performs better. 

Figure 7 illustrates the control vector of the 

quadrotor. The control torques for attitude in the 

FEL method indicate higher control effort and 

energy consumption associated with this approach. 

Figure 8 compares the RMSE and MAE for the 

three angles, roll, pitch, and yaw, across the two 

controllers. The performance of the FEL controller 

is superior to that of the classical PID controller in 

these metrics. 

 

Figure 7. Control vector in conical trajectory tracking of 

Parrot with PID vs FEL controller. 

 

Figure 8. RMSE, MAE, IAE, ISE, ITAE, and ITSE of 

conical trajectory tracking attitude control 

 

Figure 9. The integral absolute value of the control signal 

over time during the conical trajectory tracking. 

Figure 9 illustrates the total absolute value 
of the control signal over time during the 
trajectory tracking, reflecting control effort and 
energy consumption. The FEL method shows a 
higher control effort, but this minimal 
difference compared to the classical method is 
acceptable and does not undermine the 
advantages of the FEL approach. 
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B. Square Trajectory 
The square trajectory for the quadrotor is 
defined by specifying its coordinates in the X 
and Y dimensions while maintaining a constant 
altitude in the Z dimension. To ensure smooth 
transitions between the vertices, linear 
interpolation is employed, allowing the 
quadrotor to follow the desired path accurately 
over a specified time interval.  

Figure 10 illustrates the square trajectory 
tracking using PID and FEL controllers in 
three-dimensional space within the 𝐹𝑊. 

In this section, like the conical trajectory 
section, Figures 11 to 17 present the results of 
implementing the proposed control method. Despite 
the differences in trajectory, the results are consistent 
with those observed in the previous section. 

 

Figure 10. 3D view of square trajectory tracking by Parrot 

with PID vs FEL controller 

 

Figure 11. The behavior of the three axes’ positions in 

square trajectory tracking over time. 

 

Figure 12. Position errors in square trajectory tracking 

 

Figure 13. The behavior of the three Euler angles in a square 

trajectory over time 
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Table 1 presents the performance comparison of 

the proposed control method against a fixed-gain 

PID controller for quadrotor attitude control. 

Similarly, Table 2 compares the proposed 

method’s performance against a FLS-tuned PID 

controller.  These tables report the average 

percentage change in performance metrics, 

detailed in the table columns. 

 

Figure 14. Attitude errors in square trajectory tracking 

 

Figure 15. Control vector in square trajectory tracking of 

Parrot with PID vs FEL controller. 

 

Figure 16. RMSE, MAE, IAE, ISE, ITAE, and ITSE of 

square trajectory tracking attitude control 

 

Figure 17. The integral absolute value of the control signal over  

Table 1. Average percentage increase or decrease in 

performance metrics compared to the PID controller for 

conical, spiral, and square trajectory tracking. Positive values 

indicate improvement over the PID. 

PID: RMSE MAE IAE ISE ITAE ITSE IAC 

Roll +53.0 +57.3 +57.3 +77.6 +53.5 +71.0 -7.5 

Pitch +49.4 +55.9 +55.9 +72.7 +51.6 +63.6 -9.8 

Yaw +86.2 +87.0 +87.0 +98.1 +87.5 +98.3 -238.9 
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Table 2. Average percentage increase or decrease in 

performance metrics compared to the Fuzzy-PID controller 

for conical, spiral, and square trajectory tracking. Positive 

values indicate improvement over the Fuzzy-PID. 

Fuzzy: RMSE MAE IAE ISE ITAE ITSE IAC 

Roll +38.1 +16.8 +16.8 +60.9 -6.3 -14.1 +60.4 

Pitch +36.3 +13.3 +13.3 +57.2 -11.1 -21.6 +59.5 

Yaw +61.9 +63.5 +63.5 +85.3 +63.7 +86.3 -107.1 

5 DISCUSSION 

In this research, we aimed to develop a robust and 

adaptive intelligent controller for quadrotors by 

combining backstepping and FEL techniques. We 

selected backstepping due to its inherent 

robustness and the precise mathematical 

representation of the quadrotor’s positional 

dynamics. We conducted simulations that included 

sensor noise, external disturbances, and abrupt 

weight changes to evaluate the controller's 

performance under various uncertainties. The 

findings demonstrated the resilience of the 

backstepping control method in addressing these 

challenges. We integrated FEL with traditional 

PID controllers for the quadrotor's attitude control. 

Each neural inverse dynamic controller was 

designed with a single hidden layer containing 100 

neurons, enabling online learning without data 

preprocessing. 

As evident from Table 1, the proposed method 

demonstrates a significant improvement in all 

trajectory tracking performance indices related to 

error reduction. However, this improvement 

comes at the cost of increased control effort, 

particularly on the yaw channel. This heightened 

control effort is attributed to the presence of 

measurement noise, compelling the controller to 

exert more effort to compensate for perceived error 

increases. This issue could be mitigated through 

appropriate measurement noise filtering, 

employing denoising techniques in neural network 

training, and defining a cost function that 

considers the reduction of control effort. Table 2, 

which presents the average percentage change of 

metrics relative to the fuzzy PID controller, reveals 

a similar trend. Notably, for metrics that integrate 

time into the performance evaluation, such as 

ITAE and ITSE, the proposed method exhibits 

slightly inferior performance in the roll and pitch 

channels compared to fuzzy PID. This could be 

due to the fuzzy system’s enhanced capability to 

handle severe uncertainties over time. Conversely, 

in the roll and pitch channels, the proposed method 

demonstrates superior performance in reducing 

control effort compared to the fuzzy PID, likely 

because the fuzzy system exerts greater effort to 

counteract uncertainties, especially measurement 

noise. The comparative results in the yaw channel 

are consistent with those observed in the PID 

comparison. 

This hybrid strategy significantly improved the 

trajectory-tracking capabilities of the quadrotor. It 

is important to note that the FEL method requires 

increased control effort, leading to higher energy 

consumption. This study marks a pioneering effort 

in applying this hybrid approach to quadrotor 

trajectory tracking. Future work aims to refine the 

neural network training cost function to minimize 

control effort, thereby maximizing the benefits of 

the proposed hybrid method for quadrotor 

trajectory tracking. 

6 CONCLUSION 

In conclusion, the fusion of traditional robust 

control techniques with intelligent online learning 

frameworks allows for creating a dependable and 

adaptive system for trajectory tracking in 

quadrotors. This combined control strategy 

effectively mitigates uncertainties and improves 

overall flight performance. Nonetheless, this 

approach does result in more significant energy 

usage and increased control demands. With the 

ongoing advancements in artificial intelligence 

and deep neural networks, these technologies are 

set to play a pivotal role in the evolution of hybrid 

intelligent control strategies within engineering. 

Our findings demonstrate that learning-based 

methodologies can progressively enhance 

traditional control techniques, while the 

significance of robust control methods in ensuring 

system stability and control cannot be overstated. 
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