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 Localization of a quadrotor in an unknown environment without 

access to Global Navigation Satellite System (GNSS) data, 

utilizing Simultaneous Localization and Mapping (SLAM), has 

shown promising results. Integrating SLAM and the Extended 

Kalman Filter (EKF) provides precise estimations of both the 

quadrotor’s position and the terrestrial landmark locations. This 

paper reviews the Observability-Based Path Planning (OBPP) 

and evaluates its performance compared to Monte Carlo Path 

Planning (MCPP). Furthermore, due to the importance of the 

initialization process in path planning for pre-planned methods, 

the performance of OBPP is evaluated for various initial 

positions. Simulation results demonstrate that the proposed 

method offers superior accuracy and greater robustness for 

different initial conditions, validating its effectiveness in diverse 

scenarios. The robustness and adaptability of this approach 

make it a valuable contribution to the field of autonomous 

navigation, especially in environments where GNSS is 

unavailable. 
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 1 INTRODCTION 

The ability of autonomous navigation in GNSS-

denied, unknown environments has been a major 

focus of extensive research across aerial, terrestrial, 

and marine robotic systems [1]–[3]. Autonomous 

movement is essential to various robotic applications, 

including delivery [4]–[6], pesticide dispersion on 

farms [7], aerial photography of specific locations, 

and pipeline inspection [7]–[9]. Path planning 

algorithms are employed with specific criteria to 

determine the optimal navigation path in each of these 

applications.  

Some path planning methods are based on Graph 

search algorithms, which are utilized to define the 

shortest path regarding a specified cost function, such 

as A* and D path planning [10]–[12]. Other methods, 

such as the probabilistic roadmap method (PRM) and 

Rapidly-exploring Random Tree (RRT), are based on 

sampling and focus on optimizing the speed of path 

planning [13]–[17]. Barrier collision avoidance-

based methods, such as cell decomposition and 

potential field (PF) approaches [11], [18], [19], as 

well as optimization-based methods [20], determine 

the path by considering environment barriers. 

Another category includes methods that dynamically 

define the movement path based on real-time sensor 

information. Carlone proposed a method in which the 

path is continuously adjusted using information 

gathered from the robot’s sensors, allowing it to 

navigate effectively toward its destination [21]. 

Kalogeiton and Sharma introduced an adaptive 

cognitive-based optimization algorithm for path 

planning and evaluated its effectiveness against 

random methods [22], [23]. In the random path 

planning method, the following point for the robot 

motion is selected stochastically from the limited 

space of the points ahead of the robot. Bryson raised 

entropy criteria to measure the environmental 

information at each step [24]. In their research, 

entropy is introduced to measure the compactness of 

the landmarks distribution and thus measure their 

information. So that, more entropy results in less 

information. Leung planned the path to maximize the 

specified area coverage [25].   

This paper reviews the concept of observability 

degree in the context of real-time path planning for a 

quadrotor in unknown environments, focusing on the 

OBPP. System observability refers to the ability of a 

system to estimate its inputs accurately by measuring 

the outputs. A conventional approach to determine 

the system’s observability is the Hermann and Krener 

method, which involves evaluating the rank of the 

observability matrix [26]. While in some 

applications, it is crucial to quantify the observability 

of a system. Various matrices and criteria have been 

proposed to define the degree of observability in 

nonlinear systems. Liang et. al. discussed three main 

categories based on: covariance, observability, and 

information matrices [27]. Matrices such as Lie 

derivative, observability, covariance, and Gramian 

are commonly used to obtain the degree of 

observability. The Lie derivative matrix is used 

primarily to determine whether the system is 

observable and to what extent. In contrast, the 

covariance, observability, and Gramian matrices 

provide a more precise evaluation considering 

parameters such as determinant, trace, eigenvalues, 

and singular values. A summary of the matrices and 

related parameters used to determine the 

observability degree is presented in Table 1, as 

outlined in the literature. 

Table 1. Different methods for observability degree analysis in 

the literature 

matrix Parameter Reference 

covariance 

Trace [28] 

Eigenvalue [29] 

Determinant [30] 

Gramian 

trace, near singularity, 

condition number 
[31] 

trace, eigenvalue [32] 

Determinant [33] 

observability SVD [34], [35] 

Lie 

observability rank, to 

define the observable and 

unobservable modes 

[36]–[38] 

 

This paper aims to evaluate the accuracy of the 

OBPP [39] by comparing it with the MCPP [40]–[42] 

for active simultaneous localization and landmarks 

mapping in an unknown environment. The RMSE 

between the true and estimated path is utilized as the 

evaluation criterion for this comparison. To fulfill the 

proposed path planning method, the maximum 

eigenvalue and its corresponding eigenvector of the 

Gram matrix are used to determine the system’s 

observability degree. Sections Ⅱ and Ⅲ present the 

EKF-SLAM equations and the concurrent path 

planning within SLAM, referred to as active SLAM. 

Following this, the MATLAB simulation results for 

the OBPP are discussed and compared with the 

MCPP. In the MCPP, each step of the quadrotor’s 

motion is defined randomly from the points in the 
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allowed points toward the target points. The path to 

the target that does not have a sufficient number of 

landmarks at each step is eliminated, and an 

alternative path is replaced. 

2. METHODS  

2.1. EKF-SLAM 
SLAM is introduced as a solution for robot motion in 

unknown, GNSS-denied environments, enabling both 

localizing the robot and mapping the landmarks in the 

environment. The implementation of EKF-SLAM has 

shown promising performance [43]–[45]. The 

estimation equations are derived based on the state 

and covariance matrices, which are outlined as 

follows:  

𝑋 =  [
xr yr zr   u v w    φ θ ψ
xl1 yl1

𝑧𝑙1 …   xlm ylm 𝑧𝑙𝑚
]
𝑇

 (1) 

Pk = [
PRR PRl

PRl Pll
]
𝑘

 (2) 

The state matrix includes data for both the 

quadrotor and landmarks (Figure 1). The quadrotor 

data consists of position (xr, yr, zr), linear velocity (u, 

v, w) aligned with the coordinate axes, and Euler 

angles (φ, θ, ψ). The position of the ith landmark, 

represented by xli, yli and zli in the navigation frame, 

is appended to the end of the state vector. 

 

Fig. 1. Quadrotor position and attitude in the NED coordinate 

system 

The covariance matrix quantifies the uncertainty 

in state parameters and the cross-correlation terms 

between the quadrotor and landmarks within its field 

of view (FOV). The state and covariance matrices are 

predicted and updated using process and observation 

models. Prediction equations are as follows: 

 

(3) 𝑋𝑘
− = 𝑓(𝑋𝑘−1

+ . 𝑢(𝑘)) + 𝑤(𝑘) 

(4) 𝑃k
− = 𝐹x.kP𝑘−1

+ 𝐹𝑓x.k
T + 𝐹𝑤.𝑘Qk−1𝐹𝑤.𝑘 

Where F_(x.k)=∂f/(∂X_R ) and F_(x.k)=∂f/∂w 

represent the Jacobians of the process vector with 

respect to the robot state and noise vectors, 

respectively. Meanwhile, w and Q denote Gaussian 

process noise and its covariance. The update of the 

covariance and state matrices is calculated using the 

following equation: 

(5) 𝑋̂k
+ = 𝑋̂k

− + Kk{Zk − ℎ(𝑋̂𝑘
−)} 

(6) 𝑃𝑘
+ = (𝐼 − 𝐾𝑘  𝐻𝑘)𝑃𝑘

− 

Where 𝐻 =
𝜕ℎ

𝜕𝑋𝑅
|𝑅𝑘

− ,𝑙𝑘
− is the Jacobian of the 

observation model. In these equations, S and K 

denote covariance residual and Kalman gain, 

respectively, calculated by Eq. 7 and Eq. 8: 

 

(7) 𝑋̂k
+ = 𝑋̂k

− + Kk{Zk − ℎ(𝑋̂𝑘
−)} 

(8) 𝑃𝑘
+ = (𝐼 − 𝐾𝑘  𝐻𝑘)𝑃𝑘

− 

The process and observation models are defined 

by Eq. 9 and Eq. 10, Where   δ𝑥 = 𝑥𝑙𝑗 − 𝑥𝑟𝑖  ،δ𝑦 =

𝑦𝑙𝑗 − 𝑦𝑟𝑖 and δz = 𝑧𝑙𝑗 − 𝑧𝑟𝑖 represent the position 

differences between the quadrotor and landmarks in 

the navigation frame. 

(9) 𝑓 = [

∆𝑃𝑛(𝑘 + 1)

∆𝑉𝑛(𝑘 + 1)

∆𝜓𝑛(𝑘 + 1)
]   = [

𝑣𝑛(𝑘)Δ𝑡

[𝐶𝑏
𝑛(𝑘)𝑎𝑏(𝑘) + 𝑔𝑛]∆𝑡

𝐸𝑏
𝑛(𝑘)𝑤𝑏(k)Δ𝑡

] 

(10) ℎ = [
𝜌𝑅𝐿

𝑎𝑧
𝑒𝑙

] =

[
 
 
 
 
 
 √(𝛿𝑥

2 + 𝛿𝑦
2 + 𝛿𝑧

2)

𝑡𝑎𝑛−1(
𝛿𝑦

𝛿𝑥

)

𝑡𝑎𝑛−1(
𝛿𝑧

𝑑𝑅𝐿

)
]
 
 
 
 
 
 

  

The superscripts n and b denote navigation and body 

frame parameters, respectively. The parameters ab, gn, 

and wb represent the linear acceleration measured in the 

body frame, the gravitational vector in North-East-

Down (NED) frame, and the angular rates in the body 

frame, respectively. 𝐶𝑏
𝑛 and 𝐸𝑏

𝑛 are the transformation 

and rotation matrices that map coordinates from the body 

frame to the navigation frame.  

(11) 

𝐶𝑏
𝑛

= [

𝐶𝜓𝐶𝜃 −𝑆𝜓𝐶𝜑 + 𝐶𝜓𝑆𝜃𝑆𝜑 𝑆𝜓𝑆𝜑 + 𝐶𝜓𝑆𝜃𝐶𝜑

𝑆𝜓𝐶𝜃 𝐶𝜓𝐶𝜑 + 𝑆𝜓𝑆𝜃𝑆𝜑 −𝐶𝜓𝑆𝜑 + 𝑆𝜓𝑆𝜃𝐶𝜑

−𝑆𝜃 𝑆𝜑𝐶𝜃 𝐶𝜑𝐶𝜃

] 

(12) 𝐸𝑏
𝑛 = [

1 𝑆𝜑𝑡𝜃 𝐶𝜑𝑡𝜃
0 𝐶𝜑 −𝑠𝜑

0 𝑆𝜑𝑠𝑒𝑐𝜃 𝑐𝜑𝑠𝑒𝑐𝜃

] 
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In SLAM, the covariance and state matrices are 

dynamic. When the robot moves and detects 

landmarks within its field of view (FOV), the relevant 

data is added to the state and covariance matrices 

before the prediction step. If the landmarks remain 

within the FOV, the data is updated; if the landmarks 

go out of the robot’s FOV, the corresponding data is 

removed from both matrices. In the following, the 

proposed path planning method is described.  

2.2. Observability-Based Path Planning  
To provide a better comparison between the path 

planning methods, this section presents a brief review 

of the OBPP approach. Overall, three main blocks are 

defined for robot motion: guidance, control, and 

navigation. Within the control block, a controller 

generates the necessary commands to adjust the 

quadrotor’s position and attitude, guiding it toward 

the destination values calculated in the guidance 

block. In the navigation block, the current attitude is 

measured, and the position of the quadrotor is 

calculated. This paper primarily focuses on 

comparing two path planning methods, OBPP and 

MCPP, employed within the guidance block. This 

block determines the quadrotor’s desired position 

through the path planning algorithm. Both methods 

are suitable for GNSS-denied environments. The 

OBPP is an autonomous online path planning method 

that determines the path of robot motion with respect 

to the terrestrial landmarks in each step, while the 

MCPP is a pre-programmed method that requires 

prior information about the environment.   

2.2.1. Degree of Observability 
Various methods have been proposed in the 

literature to measure the observability of nonlinear 

systems [34], [46]–[49]. When a system is 

observable, it indicates that the system’s inputs can 

be estimated more accurately from the measured 

outputs [50]–[52]. However, these methods do not 

provide a direct measure of the degree of 

observability of the system. The concept of 

observability degree quantifies the extent to which 

a system is observable. Accordingly, defining a 

matrix and specific criteria for measuring the 

observability is necessary. In this context, the 

Gramian matrix and its eigenvalue are selected as a 

matrix and a criterion for the observability 

measurement. The degree and direction of 

observability are determined by the eigenvalue and 

its associated eigenvector, respectively. For a 

nonlinear system, the Gramian is calculated by 

defining the transition and output matrices and 

linearizing the nonlinear system using Taylor 

expansion (Eq. 13) and Lyapunov equation (Eq. 14) 

[52]. 

(13) 
𝑋𝑘+1 = 𝐴𝑑𝑋𝑘 + 𝐵𝑑𝑢𝑘

𝑍𝑘+1 = 𝐶𝑑𝑋𝑘 + 𝐷𝑑𝑢𝑘
 

(14) ATWo + Wo𝐴 + 𝐶𝑇𝐶 = 0 

The solution to the Lyapunov equation is 

determined using Eq. 15.  

(15) Wo(t) = ∫ eATτCTCeAτdτ
t

0

 

 

Calculating the exact value of the Gramian using 

the above equations for high-dimensional systems is 

complex, computationally expensive, and impractical 

[53]. A more efficient and approximate calculation of 

the Gramian is computed by Eq. 16.   

Wo ≈ Od
TOd                                                                    (16) 

Od is a discrete-time observability matrix. 

 Od =

[
 
 
 
 

Cd

CdAd

CdAd
2

⋮
CdAd

n−1]
 
 
 
 

                                                                 (17) 

Once the Gram matrix is determined, the degree of 

observability for various linear combinations of state 

vector parameters can be defined. This process 

involves calculating the Gramian matrix for the n 

landmarks at time t within the quadrotor’s field of 

view (FOV), followed by the computation of its 

eigenvalues and eigenvectors. The eigenvector 

corresponding to the maximum eigenvalue indicates 

the most observable direction for the robot’s 

movement (as shown in Eqs. 18 and 19). Therefore, 

it determines the next point for the quadrotor’s 

motion.   
𝜆𝑡𝑖𝑚𝑎𝑥 = max (𝜆𝑡𝑖1. … . 𝜆𝑡𝑖𝑛)                                              (18) 

𝑣𝑡𝑖𝑚𝑎𝑥 = [
𝑣𝑚𝑎𝑥,𝑥

𝑣𝑚𝑎𝑥,𝑦
]                                                                (19) 

To calculate the Gramian as per Eq. 17, the 

initial position of the quadrotor is put into the active 

SLAM algorithm, as outlined in Table 2. The 

corresponding matrices are derived using the 

specified equation (Eq. 16). Finally, based on the 

calculated Gramian matrix, the direction of motion 

for the quadrotor is determined according to the 

algorithm (Table 2). 
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Table 2. Active SLAM algorithm with OBPP  

Algorithm 1:    Algorithm of the active SLAM with OBPP 

Mission Starts   

EKF- active SLAM Starts 

Path-Planning Starts 

    Make an Observability dataset. 

        For i=1:numLmk do  

             Calculate the observability matrix (O) according to Eq. 13.  

             Calculate observability Gramian (Wo) by Eq. 18 

             Determine max eigenvalue of W0  

        End  

    Search the most observable direction. 

        Find the maximum eigenvalue of all eigenvalues in each step. 

        Select the eigenvector of the maximum eigenvalue.  

        θrot = θMOD – θrob (MOD: most observable direction) 

Perform Remaining EKF- active SLAM Tasks 

Path-Planning Ends 

EKF- active SLAM Ends 

Mission Decision-Making Tasks 

Mission Ends  

3. SIMULATION SCENARIOS AND 

RESULTS 

The proposed path planning method is evaluated by 

simulating a quadrotor equipped with an IMU 

operating at a frequency of 200 Hz and external 

sensors with a sampling rate of 2 samples per second 

(as shown in Table 3).  

Table 3. The quadrotor’s internal and external sensor 

specifications. 

IMU Vision camera specification 

Sampling 

rate 
200 Hz 

Sampling 

rate 
2 Hz 

Acc noise 
0.12 

m/s2 

Max. view 

range 
55 m 

Gyro 

Noise 

0.28 

deg/s 
FOV 60ver×180hordeg 

The external sensors measure the distance and 

bearing to landmarks, which are represented by 

terrestrial trees randomly placed within the 

simulation environment. The concept of scenario, the 

robot’s initial point, end zone, and physical 

realization of the landmarks are depicted in Figure 2.  

Start

 Point

Zone of Interest

 

Fig. 2. A virtual designed mission for the quadrotor motion from 

the start point to the end. 

Acceleration and angular rates are measured by 

internal accelerometer and gyroscope sensors to 

establish the true path. Using the estimated 

attitude and current position, the next position is 

calculated with simplified 6-Degree of Freedom 

(DOF) equations of the quadrotor. The SLAM 

path of the quadrotor is defined by the EKF-

SLAM algorithm, which incorporates robot 

observations from external sensors, attitude 

measurements from internal sensors, and Dead 

Reckoning (DR) equations. In both methods, the 

next step of motion is determined by the OBPP 

algorithm, whereas in MCPP, the next step is 

defined randomly. To enhance estimation 

accuracy in MCPP, random paths through areas 

with a low number of landmarks are discarded.   

The trace of the covariance matrix reflects the 

uncertainty of estimation (Eq. 20).  

𝑡𝑟𝑎𝑐𝑒(𝐴) = ∑ 𝑎𝑖𝑖
𝑛
𝑖=1                                                                 (20) 

A smaller trace of the covariance matrix 

indicates higher estimation accuracy and can 

serve as a criterion for evaluating precision [54], 

[55]. Therefore, the trace values and RMSE are 

compared to provide a complementary 

understanding of the estimation accuracy in the 

simulations.   

  Each terrestrial landmark, represented by a ‘+’ 

symbol in simulations (like in figures 3 and 4), 

corresponds to a tree with distinctive features that 

are extracted using feature extraction algorithms. In 

simulations, it is assumed that these features are 

accurately extracted, enabling the quadrotor to 

identify the landmarks reliably. In other words, the 

features are known for the quadrotor, and no 

extraction algorithm is used in simulations.     
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3.1. Results and Discussion  
MATLAB simulations are performed in an arbitrary 

scenario to compare the performance of OBPP and 

MCPP methods. In simulations, the robot's path, 

which is obtained by the robot’s equation of motion 

without considering any noise for the sensors, is 

called the true path, and the one that is obtained by 

EKF estimation for noisy sensors in the real 

environment is called the estimated path. The true 

path is considered as a reference for evaluating the 

estimated path in the real implementation of the 

proposed algorithm’s accuracy. These paths 

obtained by both path planning methods are 

illustrated in Figures 3 and 4. Moreover, Figures 5 

to 8 illustrate the discrepancies between the 

quadrotor’s true and estimated positions in the x, y, 

and z directions and its roll and pitch attitudes.  

 

Fig. 3. The quadrotor movement path using OBPP 

 

Fig. 4. The quadrotor movement path using MCPP 

 

Fig. 5.The quadrotor position error using OBPP and 3σ bounds 

 

Fig. 6. The quadrotor x-position error using MCPP 

 

Fig. 7. The quadrotor y-position error using MCPP 
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Fig. 8. The quadrotor z-position error using MCPP 

The results indicate that the OBPP method enables 

the quadrotor to autonomously plan a path from the 

initial to the endpoint without requiring any prior 

information about the environment or GNSS signals. 

A comparison between OBPP and MCPP 

demonstrates that OBPP provides better accuracy in 

position estimation. Specifically, the RMSE for 

position estimation is reduced by 27%, 70%, and 79% 

in the x, y, and z coordinates, respectively. 

Furthermore, the RMSE for attitude estimation is 

reduced by 12%. Additionally, the OBPP method 

achieves a 27% reduction in uncertainty, as indicated 

by the covariance trace (Table 4).  

Table 4. Position and attitude RMSE comparison between the 

MCPP and OBPP 

Path 

Planning 

Method 

Pos. 

RMSE 

total 

Att. 

RMSE 

total 

x 

RMSE 

y 

RMSE 

z 

RMSE 

Trace 

of 

Cov. 

OBPP 3.2748 0.1219 3.2363 0.4999 0.0172 4720 

MCPP 4.7142 0.1387 4.4165 1.6480 0.0828 6490 

Initialization plays an important role in 

quadrotor motion. In methods where the robot’s 

trajectory is predefined, any variation in the initial 

position can cause the robot to follow an incorrect 

path, potentially resulting in the inability to observe 

enough landmarks for effective SLAM execution. 

A sensitivity analysis was performed to evaluate 

the impact of initial position variations on the 

OBPP method. The results highlight the robustness 

of the OBPP method to changes in the initial 

position, as shown in Figure 9. Position errors 

between the true and estimated path determined 

with the OBPP algorithm and MCPP in the x and y 

directions are depicted in Figure 10 and Figure 11, 

respectively. 

 

Fig. 9. Quadrotor movement path using OBPP for different 

initialization  

 

Fig. 10. Quadrotor positioning error in the x-direction using 

OBPP for different initialization 

 

Fig. 1 11. Quadrotor positioning error in y-direction using 

OBPP for different initialization  
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Table 5 presents the position and attitude 

estimation RMSE as the initial point varies. The 

comparison indicates that the initial point has 

minimal effect on path planning using the OBPP. The 

initial point determines the landmarks that are in the 

robot’s FOV. Therefore, the effects of the next point 

of the robot motion result in different paths for 

different initial positions.  

Table 5. Position and attitude RMSE for different initial 

positions 

 
initial 

point 

position 

RMSE 

attitude 

RMSE 

point1 (-10,2.5) 3.2758 0.1219 

point2 (-10,30) 3.8408 0.1283 

point3 (-10,-13) 6.0595 0.1470 

point4 (-10,15) 4.1518 0.1204 

point5 (10,20) 3.1385 0.1195 

4. CONCLUSIONS 

This paper investigates robot motion in a GNSS-

denied, unknown environment using EKF-SLAM. 

The trajectory of a quadrotor in such an environment 

affects the number of in-range landmarks and, 

consequently, the state and covariance matrices. 

These factors ultimately determine the accuracy of 

state estimation according to the determined path.   

To achieve more accurate estimations of the robot 

and landmarks’ positions, OBPP is proposed as an 

active SLAM approach. This method is developed 

based on the concept of observability degree. Its 

accuracy is evaluated by comparing it to the MCPP 

method. Simulation results indicate that OBPP 

achieves lower estimation errors compared to MCPP. 
Another important parameter for path planning techniques, 

such as Monte Carlo-based methods, is the deviation from 

the predefined initial position. Initialization errors may 

cause the quadrotor to follow paths with insufficient 

landmark coverage, potentially resulting in SLAM failure. 

However, the OBPP method demonstrates robust path 

planning capabilities while effectively compensating for 

the variations in initial position. 
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