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Tomographic Reconstruction of the Ionospheric

Electron Density in term of Wavelets

Y. Amerian', M. M. Hossainali’, B. Voosoghi®, M.R. Ghaffari*

ITonospheric tomography is a method to investigate the ionospheric electron
density in two or three dimensions. In this study, the function-based tomo-
graphic technique has been used for regional reconstruction of a 3D tomographic
model of the ionospheric electron density using the GPS measurements of the
Iranian Permanent GPS Network. Two-dimensional Haar wavelets and em-
pirical orthogonal functions are used as base functions to model the horizontal
and the vertical structure of the electron density, respectively. Sparseness of
data and data gaps make ionospheric tomography an ill-posed inverse problem.
The truncated singular value decomposition (TSVD) method is used to come up
with solution. The data analysis results show that the latitudinal sections of the
electron density in ionosphere obtained from the tomographic technique supports
the expected time and height variations in the electron density. Moreover, these
findings show that the height of mazximum electron density is changed during
the day. This confirms the efficiency of the developed multilayer model in
comparison to the traditional single-layer ones. The relative error between the
reconstructed electron density and the electron density obtained from ionosonde
data varies between & to 35 percent. The difference between the reconstructed
electron density (as well as the corresponding estimations of the IRI-2001
model) and the direct estimates of this quantity increases when the electron
density reaches to its mazximum value. Assuming that the ionosonde station
in Tehran produces reliable results, this proves that the reconstructed image as
well as the IRI-2001 model does not efficiently constraint the electron density
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during this period of time.

INTRODUCTION
During the last decade, GPS has become a common
tool for analyzing the Earth’s atmosphere. The iono-
sphere is that part of the atmosphere in which the
number of free electrons is so high that it significantly
affects the propagation of radiowaves. Radio signals are
delayed by the ionosphere proportional to the inverse
of their squared signal frequency. The fact that GPS
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and other GNSS systems broadcast signals on two or
more frequencies can be used to measure the integrated
ionospheric electron density TEC (Total Electron Con-
tent, electron density integrated along signal path from
satellite to receiver on ground). The International
GNSS Service (IGS) uses its dense global GNSS ground
stations network to compute global ionospheric TEC
maps on a routine basis (e.g. Hernandez-Pajares et.al.,
2009).With the development of regional and local
permanent GPS networks, the spatial and temporal
resolution of such studies has been considerably in-
creased as compared to the traditional meteorological
techniques. Determining TEC or electron density in
this layer of atmosphere presents valuable information
about ionosphere and its activities.

In the customary two dimensional modeling tech-
niques, ionosphere is approximated by a thin spherical
shell of free electrons located 250 to 450 Km above the
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earth’s surface. The existing two dimensional methods
of modeling the electron density can be classified
to non-grid-based and grid-based techniques (El-Arini
et.al. 1995). The former modeling techniques are
based on the least squares estimation of a functional
model for certain types of observables derived from the
GPS carrier phase and code measurements. Polyno-
mials and spherical harmonics are some of the base
functions that are commonly in use (Walker 1989;
Komjathy 1997; Schaer 1999; Coster et.al. 2003). In
grid based modeling techniques, the spherical shell of
free electrons is developed into a grid of rectangular
elements. Special reconstruction algorithms are then
used for estimating the electron density within the
every element of the shell (El-Arini et.al. 1993 and
1994; Gao et.al. 1994; Skone 1998; Liao 2000; Liao
and Gao 2001). In these models, the centroid height of
the electron density profile (450 km) which is normally
higher than the bulge height is generally used as a
shell height. This assumption is not concurrent with
real physical conditions of ionosphere, so an error is
caused in ionospheric modeling. Neglecting the vertical
gradient of the electron density is the main deficiency
of the two dimensional modeling techniques. Specially,
during high solar activity, this gradient and its impact
on TEC is large (Komjathi 1997). Moreover, analyzing
such variations to any accuracy is not possible due to
dimensionality restriction of the model.

The application of the tomographic reconstruc-
tion to three dimensional modeling of the electron
density using radio waves was for the first time pro-
posed by Austen (Austen et.al., 1988) and applied
by Andreeva (Andreeva et.al. 1990). The remarkable
results reported in (Andreeva et.al. 1990) encouraged
the further analysis and development of this method
(Raymund et.al. 1993; Foster et al. 1994; Mitchell
1997; Yin et.al. 2004; Yizengaw et.al. 2006). Meth-
ods of tomographic reconstruction are classified to
function-based and voxel-based techniques. In the
former approach, the electron density is developed
into a set of analytical base functions which account
for the horizontal and vertical variations of electron
density within the ionosphere (Liao and Gao 2001).
The system of simultaneous Equations to be solved for
estimating electron density in this approach is badly
conditioned, due to limited observability. Therefore,
the application of regularization techniques for esti-
mating a reliable solution is inevitable. In the latter
method, the ionosphere is developed into a set of cubic
elements whose electron density is estimated using
special reconstruction algorithms (Hansen et.al. 1997;
Colombo et.al. 1999; Hernandez-Pajares et.al., 1999).
The rank deficiency of the system of simultaneous
Equations to be solved for estimating electron density
in every cubic element is an inherent property of the
voxel-based approach. In this paper, the function-
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based tomographic reconstruction is used for analyzing
the three-dimensional structure of the electron density
in Iran. The reproducibility of the electron density
using the developed model is also checked using the
ionosonde station in Tehran.

OBSERVATIONS
Dual-frequency ground-based GPS receivers provides
both the code P; and carrier phase ®;(i = 1,2)
observations on the L1 (1575.42 MHz) and L2 (1227.60
MHz) frequencies (Seeber 1993).
L1 frequency:

P] =p + C(dt — dT) + dmnb + df,fr()p + kQI + bp]
_Bpl +dmult/p1 +€(P1) (1)

Dy =p+c(dt —dT) 4+ M Ny + dory + dirop — koI +bas
— Ba1 + dpuieje1 +€(P1) (2)
L2 frequency:
Py =p+c(dt —dT) + dorp + dirop + k1 + byo
— Bpa + dppuir)p2 + €(P2) (3)

Py =p+ C(dt — dT) + A No +dyrp + dtrop — k1 I+bgo

- B<I>2 + d'm,u,li/d)? + 6(¢2) (4)
in which:
ki=f2)(fF = f)i= 12 (5)
I= 40.3% (6)

where p is the geometric range between the receiver
and a satellite (m), ¢ is the speed of light (m/s), dt
is the satellite clock error with respect to GPS time
(s), dT is the receiver clock error with respect to GPS
time (8), d,rp is the satellite orbit error (m), \; is the
wavelength of the GPS signal on L; frequency, N; is
the carrier phase integer ambiguity (cycle), dirop is
the troposphere delay (m), I is the ionospheric delay
(m), dpmat is the multipath effect (m), b is the satellite
hardware delay (m), B is the receiver hardware delay
(m) and € is the measurement noise (m).

The parameter T'EC can be estimated using both
the carrier phase and code measurements on the L1 and
L2 frequencies. The combination of Equations (2) and
(4) provide the following estimate of TEC using the
GPS carrier phase measurements (T'ECg) (Liao and
Gao 2001):

F2IM @1 —Xa®2) — (M Ny — Ao No) — by — b7]
40.3(y — 1)

TECy =

(7)
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Moreover, the combination of Equations (1) and (3)
provide the following estimate of TEC using the GPS
code pseudo range measurements (T'ECR) (Liao and
Gao 2001):

_ fl(P — P) — Bi — BY]

TECH
40.3(1 — )

(8)

in which « is the square of the ratio of the L1 and L2
frequency:

fio 77
7 =&

To come up with an absolute estimate of TEC hy
Equation (7) requires a-priori estimates of the carrier
phase biases Ny and N,. Since the ambiguities are
unknown, T ECq is, therefore, just a relative value
of TEC. In contrast to TECg, the estimation of
T ECg does not require any a-priori information; there-
fore, TECR provides an absolute estimate for TEC.
Nevertheless, the accuracy of TECg is much higher
than TECEg. Differencing Equations (7) and (8) at an
arbitrary epoch n results in an estimate for the offset
of TECR,, and TECy ,:

= ( )? (9)

ATEC, = TECg,, — TECs,, (10)

If no cycle slip occurs during the measurements in N
successive epochs, the recursive Equation to calculate
the mean ATECy at epoch N is given below (Skone
1998):

N N
1
ATECy=— ZATECWZ Z TECr,—TECs.,)
n:l n=1
1 N-1
=~ > ATEC,+(TECrN-TECs )
n=1

(11)

The smoothed absolute TECg); at epoch N is ex-
pressed as TECgy,y and it can be calculated by (Liu
2004):

JiM®1 — M ®,)

TECSM’N :TECQ,N-FATECN =

40.3(y — 1)
1= S2(PL = Po) + (M1 — Aa®s))]
+ N;( 40.3(1— ) )
fi(=B; = B?)
40.3(1 —7) (12)

The precision of TECgsy, n is better than TECk
and worse than TECg. Therefore, this estimate of
TEC is known as smoothed TEC (Skone 1998) where
TECs, N is the relative total electron content derived

from carrier phase measurements at epoch N. The
accuracy of the smoothed T'EC sy v measurement is
a function of the number of N. When the number of
the smoothing epochs N is larger, the smoothed results
have higher accuracy.

DEVELOPMENT OF A
TOMOGRAPHIC MODEL
The total electron content (T'EC) represents the total
number of electrons in a column along the direction of
a satellite (sv) to a receiver (rx) (Coster et.al. 2003).
It can be expressed as:

SV

TECSM,N = /Ne()\7¢72)d8

T

Sv

= [Wor6.2) +6N.006. 205 (13)

rT

in which, TECsy,n is the smoothed total electron
content at epoch N obtained from Equation (12),
Ne(A, ¢, 2) denotes the ionospheric electron density
function at the position (A, ¢, z). The ionospheric
electron density function N.(A,¢,z) can be written
as the sum of two parts Ng(A, ¢, z) and ON.(A, @, 2).
The approximate value of the deterministic portion
No(A, ¢, z) can be obtained from historical ionospheric
electron density data or from the output of empirical
ionosphere models and § N, (X, ¢, z) is the correspond-
ing correcting term which is sought in order to improve
the accuracy of the empirical estimate Ng(A, ¢, z). The
integral of the deterministic part of electron density
function along the GPS signal path from satellite to
receiver is defined as TECy:

TEC, = /Ng()\,qb,z)ds (14)

T

Thus Equation (13) can be written as:

TECsyu,ny =TECy + /6Ne()\,¢,z)ds (15)

T

Defining the difference between total electron content
measurement TECgy, ny and its approximate value
TECy as 6T EC:

OTEC = TECS‘M’N — TECO = /6Ne()\, ¢, Z)dS (16)

rr
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Inserting Equation (12) into Equation (16), it yields:

JEAL @1 — My ®y)

OTEC =

40.3(y — 1)
1L PP — Po) 4+ (M By — Xa®s))]
+N;( : 40.3(1 - 7) )
+ flz(_Bl - Bp) —TEC, (17)

40.3(1— )

Equation (16) is the mathematical model to be
used for recomstructing the tomographic model. In
function-based approach to tomographic reconstruc-
tion of the electron density, the correction term
ON(\, ¢, z) is developed into a set of horizontal and
vertical base functions. Two dimensional Haar wavelets
(H, (X, ¢)) and empirical orthogonal functions (EOFs)
(Zm(Z)) have been used as the base functions for
modeling the horizontal and vertical variation of the
electron density respectively:

SN.(N 6. 2) = > anmHo(N, 6) Zin(Z) (18)

n=1m=1

Combining Equations (16) and (18), the mathematical
model takes the following form:

SUN M

o n=1m=1

0TEC =

Equation (19) is the fundamental observation
Equation for 3D modeling of the electron density using
tomographic inversion technique through which the
GPS derived total electron content (TEC) and the
model coefficients describing the ionosphere are linked.
The number of the unknown model parameters depends
on the number of 2D Haar wavelets and EOF's are used
as the basis function in the model.

Horizontal base functions (Haar Wavelets)

The intensity of the solar activity, which dominates
the spatial and temporal distribution of the electron
density, is not uniform in the course of time. Wavelets
are an appropriate mathematical tool for analyzing
such non-stationary signals (Boggess and Narcowich
2009). This paper tries to investigate the efficiency of
one of the simplest forms of wavelets in reconstructing
the horizontal variations of the electron density in
ionosphere.

One-Dimensional Haar Wavelet Basis Functions
There are two functions that play a primary role in
wavelet analysis: the scaling function phi and the
wavelet ¥. These two functions generate a family of
functions that can be used to break up or reconstruct
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a signal. To emphasize the “marriage” involved in
building this “family”, ¢ is sometimes called the “father
wavelet” and 1, the “mother wavelet” (Boggess and
Narcowich 2009). The simplest wavelet analysis is
based on the Haar Scaling Function, the graph of which
is given in Figure 1.

This Haar scaling function is constant over the
entire interval [0, 1) and zero elsewhere. Assuming that
V0 is the vector space of all these functions, the vector
space containing functions with two constant pieces
over the intervals [0,0.5) and [0.5,1) is called V1. In
this way, the vector space V7 includes all piecewise-
constant functions defined over the interval [0, 1) with
constant pieces over each of 27 equal subintervals.
Every vector in V7 is also contained in V7/*+! (Stollnitz
et.al. 1995). Thus, spaces V7, j = 1,... are a set of
nested spaces; that is,

Vicvicvic.. (20)

A simple basis for the vector space V7 is given by the
set of scaled and translated “box” functions:

ol(x) = p(2x —k), k=0,..,2 -1

where

(z) = 1 for0<ax<1 (21)
R B! otherwise

Figure 2 shows the four box functions forming a basis
for V2 (Stollnitz et.al. 1995).

If W7 is the orthogonal complement of V7 in
VIt then it consists of all functions in V7*! that
are orthogonal to the elements of V7 under the chosen
inner product. Hence, the elements of the vector space
W7 provide a means for representing parts of a function
in V7! that cannot be represented in V7. A collection
of linearly independent functions 1] (z) spanning W7
are called wavelets. The wavelets corresponding to the

y

© 4

Figure 1. Haar scaling function (Boggess and Narcowich

2009)
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Figure 2. The box basis for V? (Stollnitz et.al. 1995)
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box basis are known as the Haar wavelets given by:

Yl(z) = (r—k), k=0,.,2 -1
where

1 for 0 <z <0.5 (22)
P(x):=4¢ —1 for0.5<z <1

0 otherwise

Figure 3 shows the two Haar wavelets spanning
wt.

Two-Dimensional Haar Wavelet Basis Functions

For modeling the horizontal gradient of the electron
density using the Haar wavelets as the basis functions,
one dimensional Haar wavelets should be generalized
into two dimensions. For this purpose, the existing
methods can be classified into the standard and non-
standard techniques. Figures 4 and 5 illustrate the
steps to be taken in these techniques (Stollnitz et.al.
1995).

As these figures show, nonstandard Haar basis
functions have square supports, while some standard
basis functions have non-square supports. Depending
on the desired application, standard basis functions
may be preferred to the nonstandard ones or vice versa.
No remarkable difference between the application of

1 1
% 1_,-:':11 1
|
0 |1 0 1
i1 2
5
-1 -1

Figure 3. The Haar wavelet for W (Stollnitz et.al. 1995).
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Figure 4. Standard construction of a two-dimensional
Haar wavelet basis for V? (Stollnitz et.al. 1995).
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Figure 5. Nonstandard construction of a two-dimensional
Haar wavelet basis for V2 (Stollnitz et.al. 1995).

the nonstandard and standard functions is seen in the
specific application of two-dimensional Haar wavelets
in this research. To get an optimum estimate for the
number of the required base functions, the relative
error of the estimated electron density was compared
with electron density measurements obtained from
ionosonde. Using sixty four two-dimensional Haar basis
functions provide the least relative error in the estimate
values of the electron density.

Estimating the Empirical Orthogonal
Functions (EOF's)

EOFs are derived from empirical data of the iono-
spheric electron density, which can be obtained from
an empirical ionospheric model such as the Interna-
tional Reference Tonosphere (IRI) model or the direct
measurements which are related to the electron density
(such as ionosonde measurements) (Bilitza 2001). IRI
models provide an initial estimate for the vertical
profile of the electron density at any desired location
in space and time. Having the samples of the density
profile obtained at different times and heights, the
matrix of electron density profile could be formed as:

JV(tl 5 hl)
;‘V(ig, hl)

N(ty, ho)

N(t, hy)
Vi - Nt )
N(tay,hn)

(23)

N(tar,hi) N(tu,hs)

in which, N(#;,h;) is electron density in height h;(j =
1,2,...,N) and epoch t;(: = 1,2,..., M). The mean
value of each column (N(h;)) in this matrix provides
an estimate for the mean value of the electron density
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at a given height:

M
N(hj):%ZN(tm.,hj), (j=1,2,...N)  (24)

The vertical variation of the electron density within the
area of study (at an arbitrary epoch t) can be analyzed
using the variation matrix S below:

S = N”(t,h)N(t, h) (25)

in which, N(t,h) is a matrix containing per column
the difference between the corresponding elements of
matrix N from the mean value N(h;) (Bjornsson and
Venegas 1997). In mathematical statistics, the method
of principal component analysis is used to explore the
vertical variations that are inherent in Equation (25)
(Jackson 2003). For this purpose, the principal (also
known as empirical orthogonal) components of matrix
S are firstly computed. Then, the contribution of every
component to the total variations is analyzed.
Ifx=[zg,.., :Ep]T is a vector of random variables
with > variance-covariance matrix, the linear combi-
nations y, = ega: is known as a principal component
of this matrix where ep, is the A" eigenvector of 3.
The corresponding eigenvalue A, is the variance of
this principal component (Johnson and Wichern 2002).
Since the trace of the variance-covariance matrix of a
random variable is equal to the sum of its eigenvalues,
the ratio of every eigenvalue ();) to this sum (> \;)

is a measure for the contribution of the corresporiding
principal component to the total variation expressed
by this summation. To come up with an optimum
number of empirical orthogonal functions to account
for the vertical variations of the electron density in the
tomographic model, the contribution of the empirical
orthogonal functions of matrix S has been computed

and compared using the Equation ()\1/ Z)”) x 100.

2
In this paper, matrices N and S have been created using
the TRI-2001 empirical model.

The obtained results show that the first three
principal components of matrix S include 99% of the
total variations expressed by the sum of the eigenval-
ues. Therefore, the first three empirical orthogonal
functions have been used for investigating the vertical
variations of the electron density in this research. Fig-
ure 6 illustrates these empirical orthogonal functions.

ESTIMATING THE MODEL
PARAMETERS
Using the mathematical model (16), the simultaneous
system of observation Equations can be written in the
following form (Fremouw et.al. 1992 and 1994):

d=Gm-+n (26)
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Figure 6. Vertical basis functions from IRI-2001 model.

in which d stands for the vector of observations (here
0TEC = TECsy N — TEC)), m for the vector
of model parameters (including unknown parameters
anm ), G for the design or coefficient matrix that
describes the relations between observations and un-
known parameters and n is the noise vector (observa-
tion random errors).

The integral Equation (19) is a Fredholm integral
Equation of the first kind. It is mathematically proved
that such integral Equations are improperly posed
in the sense that the solution of their corresponding
system of simultaneous Equations is not a continuous
function of the input parameters (Hansen 1997). The
spectral decomposition of the coefficient matrix can
provide an immediate insight into the instability of
solution for a system of simultaneous Equations. The
asymptotic decay of the spectral values is an indication
for the discontinuity of the solution because, for such
a system of simultaneous Equations, the condition
number is large and thereby perturbations of the
input parameters are magnified on the outputs. The
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Figure 7. Distribution of the GPS stations in this study.
Triangles in green illustrate the position of the GPS stations
and the red circle indicates the position of the Tehran
ionosonde station.
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following Equation provides an upper bound limit for
the perturbations of the model parameters m as a
function of the perturbations of input vector d (Jain
et.al. 2003):

_ d—d
lim = mij k(G)HM”H,k(G):(Z:‘ (27)

where, m and d are the perturbed model parameters
and input vector respectively and k(QG) is the condition
number of the matrix G, and .,,4, and o,,;, are the
largest and smallest singular values of G.

To come up with a stable solution for the
model parameters, the application of regularization
techniques is inevitable. In this paper the TSVD
regularization technique has been used (Hansen 1987).
According to the geometric theorem of singular value
decomposition, the design matrix G € R™*"™ , m >n
in Equation (26) can be expressed as follows (Watkins
2002):

G=UxV’ (28)

in which, U =[u j,u9,..,u ,] € R™™ and V =
[V.,1,V.2,..,V.,] € R"™" are orthonormal matrices
which include the left and the right singular vectors of

matrix G respectively and ¥ = diag(o1,02,...,0,) €
R™*™ is a diagonal matrix in which the diagonal
elements are singular values of the design matrix.
Based on this theorem, matrix G can be re-written
as the sum of n matrices of unit rank (Moler 2004):

G=G+Gx+ ..+ G,, G; :O’iuiVZT (29)

In the function-based approach to the tomo-
graphic reconstruction: r = rank(G) = n (i.e. there
is no zero singular value in spectral decomposition of
this matrix) but the singular values asymptotically
decay to zero such that the change in solution is
not a continuous function of the change in the input
parameters. Therefore, the problem is improperly
posed and the application of regularization techniques
to achieve a stable solution is inevitable. Similar to the
other regularization techniques, the idea of TSVD is to
replace the ill-conditioned problem by a more stable
one that is directly related to the main problem but
is less sensitive to the input perturbations. For this
purpose, matrix G is replaced by Gy which is given
by:

G, =Ux, VT,

k<n
(30)

3 = diag(oy,02, ...,0%,0,...,0) € R™*™

G approximates G by substituting the last n — &
singular values by zero. Through this process the
conditioning of the system improves to k(Gi) =
;’—]1 The central point in any regularization technique
is to find a compromise between the resolution of
regularized solution and the stability of the system.
This is achieved by finding an optimum regularization
parameter. With regard to the truncated singular value
decomposition, the number of singular values to reject
plays the role of regularization parameter. The SVD is
successfully truncated at k, if there is a well-determined
gap between the singular values o and o441 (Hansen
1987).

NUMERICAL RESULTS
To reconstruct 3D-images of electron density over
Iran, observations of 22 GPS sites from the Iranian
Permanent GPS Network (IPGN), equipped with dual-
frequency GPS receivers, were used. Observations from
January 03, 2007 have been used for this purpose.
Figure 7 illustrates the spatial distribution of these
stations. This figure also shows the position of the
only ionosonde station in Iran, which is located in the
Institute of Geophysics of the University of Tehran.
Tonosondes provide direct measurements of the iono-
spheric electron density. Thus, the Tehran ionosonde
measurements (Lat.=35.7382° Long.=51.3851°) were
used to validate the electron density values computed
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Figure 9. Latitudinal section of electron density (ele/m?)
at 04:06 LT on January 03, 2007.
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Figure 10. Latitudinal section of electron density (ele/m?)
at 10:12 LT on January 03, 2007.

with the tomographic model. Since the direct mea-
surements at the ionosonde station are in a different
epoch corresponding to a different height, profiles of
the electron density cannot be derived from individual
measurement epochs.

Figure 8 illustrates the GPS reconstructed profiles
of the electron density obtained from the tomographic
technique and those obtained from the TRI-2001 model
for two different epochs.

Figures 9, 10, 11 and 12 show latitudinal cross-
sections of ionospheric electron density obtained from
the tomographic techniques used in this study. It can
be seen that the maximum electron density appears at
10h — 12h local time and at an altitude of 300 — 400
km above the earth surface. This corresponds to the
expected daily behaviour of electron density. Contrary
to the 2D (single layer) models (El-Arini et.al., 1993
and 1994), in which a constant (in time and space)
shell height coinciding with a mean electron density
profile centroid height is assumed, our tomographic
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approach accounts for time and space variations of
maximum electron density height. This observation
is confirmed by the direct measurements. Figure 13
shows the horizontal variations of the electron density
in Iran suggested by the developed tomographic image
(in 100 m~—3).

In Table 1, reconstructed electron density and
its estimate from the direct measurements of the
ionosonde station (in 10! m~3) are compared. Fig-
ure 14 provides a point-wise comparison between the
reconstructed electron density, the estimation of this
quantity proposed for by IRI-2001model and the one
obtained from the ionosonde data.

CONCLUSIONS
In this study, the function-based tomographic tech-
nique has been used for regional reconstruction of
a 3D tomographic model of the ionospheric electron
density using the GPS measurements of the Iranian
Permanent GPS Network. 2D Haar wavelets and em-
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Figure 11. Latitudinal section of electron density (ele/m®)
at 16:18 I.'T on January 03, 2007.
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Figure 12. Latitudinal section of electron density (ele/m?)
at 22:24 LT on January 03, 2007.
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Figure 14. Reconstructed electron density and electron
density from ionosonde on January 03, 2007.

pirical orthogonal functions are used as base functions
to model the horizontal and the vertical content of
the electron density, respectively. The data analysis
results show that the latitudinal sections of the electron
density in ionosphere obtained from the tomographic
technique support the expected time and height varia-
tions in the electron density. Moreover, these findings
show that the height of maximum electron density is
changed during the day. This confirms the efficiency
of the developed multilayer model in comparison to
the traditional single-layer ones. The relative error
between the reconstructed electron density and the

electron density obtained from ionosonde data changes
from 5 to 35 percent. According to Figure 14, the
difference between the reconstructed electron density
(as well as the corresponding estimations of the IRI-
2001 model) and the direct estimates of this quantity
increases when the electron density reaches to its
maximum value. Assuming that the ionosonde station
in Tehran produces reliable results, this proves that the
reconstructed image as well as the TRI-2001 model does
not efficiently constraint the electron density during
this period of time.
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